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{}Jyzm°§l
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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S
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zm5§0l
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K
mJk}Jym#~Q{m¼§¨m#F}yzmJybJm#§y
R
F2mJ§¨k'zmJy#Flk§m«zmJy
C
Á
,_k
z ∈ C Ç z̄ }m#k}Jym#~Q{}m¼yF~2_l0§¨m#«xm5#F~M|k_kFÁ,_k
Z ∈ Cn Çk_¸ Z = (zj)j=1,..,n Ç Z∗ = (z̄j)j=1,..,n Á
| . | zJyF~km0yl-k§¨{}F~k#lmJ~_{°§.~k_lm-mJ§z¨mJ~k~kmc¥ k~gJ§¨Jl0mJ~Q{°zm Km×n m#{r§m0Jz¨~§'Æ¥ k~mJ~ym#l-¹§¨m¼×~kDÁ
Mn(K)
mJy{b§K¥ mJyF#m°ÃFmJ{_m#§czmdyl{}#mJyJ}JmJyy
K
zm°{§¨§m
n × n Á
n
mdy|{b§0l{}#m°~Q§¨§m5zm5§K¥ mJy_m
Mn(K)
Á

n
mJy{§0l
M{}m°zm#~Q{}É{}zm5§K¥ mJy_m
Mn(K)
Á
Dn(K)
mdy|{b§m5y_y|® mJy_m¼ÃFmJ{_m#§czmdyl{}#mJyz_F~F§¨mdyzm
Mn(K)
Á
GLn(K)
mJy{b§D¥ mJ~ymJl-¹k§m5zmJybl{}#mJy~QÃ_m#y¹k§mJyzm
Mn(K)
Á
Mn,m(K)
mdy|{b§D¥ mJyF#mrÃ_mJ·{}F}¨mJ§ÆzmJyl
{}#mJy}mJ·{~k_k§mdy­yk
K
km°{}§§¨m
n × m Á
Mm×n(K)
mJy{b§K¥ mJy_m°ÃFmd·{_m#§czmdyl
M{}mJyJ}JmJyyk
K
zm
n × n ¹k§xJybzm¼{}F¨§§m m Á
Dm×n(K)
mdy|{§my_y®Dmdy_mrÃFmJ{_m#§Æzmdyl
M{}mJykFFF~§mJy­¹k§z#yzm
Mm×n(K)
Á
,_k
M = (mjk)1≤j ≤n
1≤k ≤m
∈ Mn,m(C)
Ç
M∗ = (m̄kj)1≤j ≤n
1≤k ≤m
mdy|{¼§Âl
M{}m&_@|F~Q{m0zm
M
Ácux
M ∈ Mn,m(R)
ÇF§¨_}y
M∗ = M t
Á
∀ (X, Y ) ∈ K2(m×n) ∪ K2(mn) Ç X∗Y =
mn∑
j=1
x̄jyj
mJy{b§¨m°k}zzk¨{pyJ§m°kF~y
Km×n
m#{
Kmn
Á
Vj
mJy{§m5ÃF_§¨l0m°z##kS5§
m#§§k§¨m
Cj
Á
dx
m{
dσ
yF~Q{}mJymd·{ÃFmJlm#~Q{§¨mdyl0mdymdyzm5ÃF_§¨klm°m{pkm°yk º F#m¼~zÉ{}mk~y
R3
Á
nj ∈ R3
mdy|{b§0~kF}l
§mr~kÉ{myF{}F~Q{m°¦&§y º _m
∂Cj
zm
Cj
Á
I mdy|{§D¥ mJ~ymJl-¹k§mzmdy¨~k#mJybzmdymJ§¨§k§mJykk}m#lmJ~_{b~Q{mJ~kmdy¦ Ωh Á
Ib
mJy{b§K¥ m#~ym#l&¹k§m°kmJy~zmJypzmJy#m#§§¨k§mJypzF~Q{blF~yk~©zmJyb¹_}kyyJ¥ kk¨m5yk
Γh
Á
Vdj = {k ∈ I / Σjk ⊂ Ωh
SFk
Ck
ÃF_y¨~m¼zm
Cj}
Á
Vaj = {k ∈ Ib / Σjk ⊂ Γah
SFk
Ck
ÃF_y¨~mr×S·{ÃFm5zm
Cj}
Á
Vmj = {k ∈ Ib / Σjk ⊂ Γmh
_k
Ck
Ã_Fy~km¼×{ÃFm5zm
Cj}
Á
Vbj = {k ∈ Ib / Σjk ⊂ (Γmh ∪ Γah)
SFk
Ck
ÃF_y¨~mr×S·{ÃFm5zm
Cj}
Á
Vj = Vdj ∪ Vmj ∪ Vaj
Á
Vdj ∩ Vmj = Vdj ∩ Vaj = Vaj ∩ Vmj = ∅
Á
Im = {j ∈ I /Vmj 6= ∅}
mJy{°§D¥ m#~ym#l&¹k§¨m
zmdy°¨~z#mJykmJy5mJ§¨§k§mJy5QkVS_y}yjJzmJ~_{5ÈlF~y°k~
{}°FkF{}m#~F~_{¦
Γmh
Á
Ia = {j ∈ I /Vaj 6= ∅}
mdy|{§K¥ m#~ym#l&¹k§mrzmdy­~zmdy­kmJym#§§k§¨mdy­QkSS_y}yjdzm#~Q{F.lF~y­k~ÂF{
FkF{}m#~F~_{¦
Γah
Á
Vj = {k ∈ I ∪ Ib / Ck
mJy{bÃF_y~km¼km
Cj
m{
∂Cj ∩ ∂Ck
mJy{bk~kmyk º Fm°zm5lmJyk}m°~kF~~xk§¨§m }mdy|{§D¥ mJ~ym#l-¹§¨mzmdymJ§¨§k§mJyÃF_y~kmJyzm
Cj
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Σjk = ∂Cj ∩ ∂Ck, k ∈ Vj
Á
∂Cj =
⋃
k∈Vj
Σjk
Á
Sjk
mdy|{b§D¥ m°zm5§0yk º F#m
Σjk
Á
njk = (n
x1
jk , n
x2
jk , n
x3
jk)
t ∈ R3 mJy{b§0~k_l
F§¨m°k~k¨{}F¨}m5y_{~Q{m°¦ Σjk §§F~_{bzm Cj ÃFmJ}y Ck Á
∀ (j, k) ∈ I × (I ∪ Ib), njk = −njk
Á
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{}Fl
_~k{}Qkmdy
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Nx =


0 0 0
0 0 1
0 −1 0

 , Ny =


0 0 −1
0 0 0
1 0 0

 , Nz =


0 1 0
−1 0 0
0 0 0

 ,
m#{ 
Gl =
( 
3 Nl
−Nl

3
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l ∈ {x, y, z},
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∂t(G0W ) + Gx∂xW + Gy∂yW + Gz∂zW + KW = 0,
³KË_µ
_¸_~
_zFk{°§0~kF{}{F~2§Fy}yQkm
∂{x,y,z,t}A =
∂A
∂{x, y, z, t}
m#{F¸ 
W =
(
E
H
)
, G0 =
(
ε(x) 0
0 µ(x)
) m#{
K =
(
σ(x) 0
0 0
)
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W 
 = W  −W _¸
W  mJy{
§¨m©iFl0À{F{}§mJ~Àk}Jym#~m2zm2§K¥ F¹y{}_§mm#{ W 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zmJ~_{
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zm.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W
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∂t(G0W ) + Gx∂xW + Gy∂yW + Gz∂zW + KW = −KW  + (  6 − G0)∂tW 
≡ S(W  ).
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M6(R)
ÁMuxF_~5~k{}mV
Gn = n
xGx+n
yGy+n
zGz_¸
n
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Ḡn = GnG
−1
0
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m{
_~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


Ḡn = TnΛnT
−1
n
Ḡ±n = TnΛ
±
nT
−1
n
Λ+n =
z
(max(λn,k, 0))
Λ−n =
z
(min(λn,k, 0))
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λn,k , k = 1, · · · , 6
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W (x)
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Fz« º }JQkm#~mJy
_kmdy
ωk
zÂ_¹k§¨jJlm&³¾Æ¥ Fl0§¨¨{kmJy
W k
µVm#{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§¨¨{km.§¨lÉ{}m
mJy{Ãx}FKÇc§mJy
W k
yF~Q{-¦2yk_{-#FlF{m{§D¥ ~kQkmÂ¨~#F~k~xkm
zÎ_¹k§¨jJlm
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Qkm0mJy{
W
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DÇ
Qkcl_~_{}mJ~Q{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{b§mJy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p = iω + ν, ν > 0
%
Mν(u) = νLp(u)

	
Lp(u)
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W (x, t) = W (x)eiωt +
m∑
k=1
W ke
iωkt + φ(x, t)
 % #%
lim
t→∞
φ(x, t) = 0,
& 0$
lim
ν→0
Mν(W (x, t)) = W (x)
	+&*
L2(Ω)
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W (x, t)
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W ν(x) = Mν(W (x, t))  %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pG0W ν + Gx∂xW ν + Gy∂yW ν + Gz∂zW ν + KW ν = Sν(W  ), ³KFµ
&    Sν(W  ) = −KW  + (  6 − G0)pW  
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ν
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W (x)
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 9 Ó #"¤r~ykkS_ym
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Γm = ∂Ωm
zm§ º }F~Q{}¨jJmzÎz®
l
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E × n = 0 F¸ n zdyF~km°§~kF}l
§m¼¦ Γm Á
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n × E + αn × n × H = 0.
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Γa = ∂Ωa
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Ḡn = GnG
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Ḡ−nG0W = 0
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Ḡ−n = G
−
nG
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G−nW = 0
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n × E + n × n × H = 0.
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Γ = Γa
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{
pG0W + Gx∂xW + Gy∂yW + Gz∂zW + KW = S
~y
Ω,
G−nW = 0
y
∂Ω,
³¾_µ
_¸
p = ν + iω
@Ã_mJ
ν > 0
ÇQkcSm#k{ry}yIym5lm{{}m°yFy§ º F}lm 
{
pG0W +
k¨Ã
F (W ) + KW = S
kF~y
Ω,
G−nW = 0
yk
∂Ω.
³Hµ
@Ã_mJ
F (W ) = (GxW , GyW , GzW )
t Á
¤r~ÎzdyF~km

Ωh
~kmÂk@«zl
M{F~)_§¨w_Jz}_mk;zFl
~km
Ω
m{-_~ÎykQym.@Ã_F
kJ_kS
Ωh
m#~&k~km{¨{F~5×~k¨m I ⊂ N zmmJ§¨§k§mJy'ÃF_§¨klQkmJy Cj ³»SFÃ@F~Q{Ä#{}meF'm#«xmJlk§¨m{}{}}FikJz}_mJy¼FÈikm#«zFikJkQkmJyµ 
Ωh =
⋃
j∈I Cj
ÁÆÌ%m
lF¨§§Fm_}mJySF~kF~Q{¼mdy|{-zdyF~
 Th ÁÆh%_z{-_l0lmSFk Ω Ç Ωh QyyjJzm
zmdy º _~Q{j#}mJy°zm{|wxml{§§¨Qkm Γmh
m#{-zm{|wxm
F¹yF}¹~Q{m
Γah
ÇkÃFJ¨×F~_{
∂Ωh = Γ
m
h ∪ Γah
@Ã_mJ
Γmh ∩ Γah = ∅
Á
 Øxà[ìdì¾Ý|úà[æ@à|ì%èJåMÙ}ÝKÞßÛ·ç@ì,ædà5Ùcà|ôßô ^Iàì¾ÝòJñFà|Ü¾ÚÛ·ôßÞJå@àeî|à JådÞxìDÞ!·ç@Þ "@à Jå@àVôóÙædÞóÙ#!·Û·çMÙôßÞßì Ù}ÝKÞßÛ·ç°ì%$ Û·ñ&|Ü¾à
ìDå@Ü,ôóÙbúbÙ}ÝKÜKÞßî|àædà'Må(°Û·ÚdÝDà|ç#å@àôßÛ·Ü¾ì#å@àôßà­ëà|î¶ÝKàådÜeæ)$ è|ÝDÙ}ÝVà|ìKÝ Q = G0W âQûçæ*$ ÙådÝKÜKà|ì[ÝDà|Ü¾úà|ìé_ôßàì+JìKÝ+|úà­ædàÜKè-,¨èÜ¾à|ç@î|à[ñÛ·å@ÜcôóÙ[æ@ÞóÙ#!·Û·çMÙôßÞßì Ù}ÝKÞßÛ·çbà|ìKÝÆôßà%ì+Jì|úà. ^ìDÛ·ådì,Û·Ü¾úàî|Û·ç@ìKà|Ü¾ëÙ}ÝDÞ ëà0/ ∂t(Q) + ∂x(ḠxQ) + ∂y(ḠyQ) +
∂z(ḠzQ) + KG
−1
0
Q = S̄(Q  ) â
õ»íöÆõ÷ã
 
	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 !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*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% ¿@
²¼~ypiFQkm¼#§#lm#~Q{dÇk§0}mJy{}{F~2zm
W
¦0§
m#§§k§¨m
Cj
kF{}¨mJ~Q{¦0§D¥ mdyFm 
Vh = {W ∈ L2(Ω)6| ∀j , W |Cj ∈ Pm(Cj)6}.
= " T " 6 ÐÅQÓ  Ñ    SÑÖK '¡ x  9 :¾
¤r~ _~yzjJm2b§mª#_y
m = 0
Qkp#F}mdySF~À¦È§D¥ Fkk}@«xl
M{}¨_~ÀÃF_§¨l0mdy0×~kyª³¾#m{{m
l#{ikzzmbmdy|{­{z¨Jmpk§yem#~.z#{}§~ye§ymJ{F~ÂkÁ Á¨¿#µÁQÌe¥ Fkk}@«xl
M{}¨_~&mdy|{­kF~bky}_~_{}É®
~xkm_Ç_Fk~mbmJ§{F~
zmp#F~Q{~xk¨{b~Æ¥ {~Q{elQyJmbm#~Q{}mb§mJye#§#lm#~Q{}yJÁx¤r~
~{m
W j
§5ÃM§m#k
lMw_m#~k~km°z©iFl0
W
yk§m#§§k§¨m
Cj

W j =
1
Vj
∫
Cj
W dx.
ux%F~¨~Q{jJF}m°§K¥ JQ{F~È³Hµyk§m#§§k§¨m
Cj
F~F¹z{}¨mJ~Q{ 
∫
Cj
(pG0 + K)W dx +
∫
Cj
zÃ
F (W )dx =
∫
Cj
Sdx,
_¹¨mJ~mJ~_m 
∫
Cj
(pG0 + K)W dx +
∫
∂Cj
F (W ).nds =
∫
Cj
Sdx.
³(S_µ
¤r~ªk{§¨ym&k~km º F~{F~gkmQz«©~xkl#}_m&mJ~Q{}#mSFk¼§mJyb~Q{mJ º _mJyr~_{}m#}~kmJypm{°zJ#m#~z®
{}JmÂSFk0§mJy&¨~Q{mJ º _mdy º }F~Q{j#}mJy&¹yF}¹F~_{}mJy5m#{0_~;~kF{m
Gjk =
3∑
i=1
nxljkGl
F¸
njk =
(nx1jk , n
x2
jk , n
x3
jk)
t mdy|{§0~kF}l
§mrk~É{m°¦0§K¥ ¨~Q{}m# º Fm¼m#~Q{}m°§mJymJ§¨§k§mJy Cj m#{ Ck ÇkzFJm¼zm
Cj
ÃFmJ}y
Ck
ÁS¤r~F¹z{}¨mJ~Q{p§Fy 
(
S
) ⇔
∫
Cj
(pG0 + K)W dx +
∑
j∈Vj
∫
Σjk
F (W ).nds =
∫
Cj
Sdx
⇔
∫
Cj
(pG0 + K)W dx +
∑
k∈Vd
j
∫
Σjk
Gjk
(
W j + W k
2
)
ds
+
∑
k∈Va
j
∫
Σjk
(G+jkW j + G
−
jkW k)ds =
∫
Cj
Sdx.
³¾_µ
ö'ö ç0Z[\]$^
¿d  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
­_l0lm­~kFy%§¨meÃFm#}}F~yc§¨y%§¨_¨~%ÇJ§b_~z¨{F~F¹y_¹~Q{m[m#«xl#m º F¨¹k§m#lmJ~_{,_}mJy_~
¦
G−jkW k = 0
ÁkV}m#~F~Q{#m#§0m#~©_l0k{m5k~y5³¾Qµ·Çk_~_¹z{m#~Q{ 
(

) ⇔
∫
Cj
(pG0 + K)W dx +
∑
k∈Vd
j
∫
Σjk
Gjk
(
W j + W k
2
)
ds
+
∑
k∈Va
j
∫
Σjk
G+jkW jds =
∫
Cj
Sdx.
³¿J_µ
¤r~2Sm#z{pF§¨_}yzJl0_~Q{}m#§¨m5§m#llmyk¨ÃMF~_{dÁ
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1
2
∫
∂Ωh
(|Gn|W , W )ds +
∫
Ωh
((νG0 + K)W , W )dx = 0,
³|¿F¿@µ
0*%  $0* %  #%   * ')#%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 x   ­Fllm
W
mJy{,#F~y{}F~Q{'y'§p#m#§§¨k§m
Cj
mJ~-k}m#~F~Q{%§¨m­k}xkkÉ{[y}#§}mVzme§D¥ dQM{}¨_~
iFlF_j#~km°Fy}yz#¨Jm¼¦2³|¿d_µ@Ã_mJ
W j
F~2F¹k{m#~Q{
∫
Cj
((pG0 + K)W j , W j)dx +
∑
k∈Vd
j
∫
Σjk
(Gjk
(
W j + W k
2
)
, W j)ds
+
∑
k∈Va
j
∫
Σjk
(G+jkW j , W j)ds = 0.
ux
Cj
~kmy#¥ kkmFy[yk,§ º }F~Q{j#}m
∂Ωh
§p}m#§M{}¨_~-k}J#JzmJ~Q{my#¥ J#¨{b³»mJ~-{}m#~F~_{V#Flz{m
k º FÉ{pQkm ∑
k
Gjk = 0
µ 
∫
Cj
((pG0 + K)W j , W j)dx +
∑
k∈Vd
j
∫
Σjk
(Gjk
W k
2
, W j)ds = 0,
³|¿@Fµ
m#{py
Cj
0k~km5~_{}m#ymd·{}¨_~~k_~~xk§§m@ÃFmJr§ º }F~Q{}¨jJm
∂Ωh
§Fy 
∫
Cj
((pG0 + K)W j , W j)dx +
∑
k∈Vd
j
∫
Σjk
(Gjk
W k
2
, W j)ds
+
1
2
∑
k∈Va
j
∫
Σjk
(|Gjk |W j , W j)ds = 0.
³¿JË_µ
y}Fi~Q{Qkm
Gjk = G
+
jk + G
−
jk
m#{ |Gjk | = G+jk − G−jk
Á
õ»íöÆõ÷ã
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V~ªyFll
~Q{§¨mdy}m#§M{F~y¼³¿dµm#{-³|¿dËFµy{Fk{mJyb§¨mdym#§§k§¨mdy
Cj
_~_¹z{m#~Q{
1
2
∫
∂Ωh
(|Gn|W , W )ds +
∫
Ωh
((νG0 + K)W , W )dx +
1
2
∑
Σjk∈Finth
∫
Σjk
((GjkW k, W j) − (GjkW j , W k)) ds = 0,
³¿#Qµ
ky}Qkm
Gkj = −Gjk
m{
F¸½F~ ~k{} F inth
§K¥ m#~ymJl-¹k§m©zmJy º _mJy0~Q{m#}~kmdy#Á V~½{}m#~F~_{
#Flz{}m°k º FÉ{pQkm.³¾ÃF_¨§&_Qy¨{F~¿d&zm5§D¥ F~k~km«zm"HxÁßµ 
(GjkW k, W j) − (GjkW j , W k) = (GjkW k, W j) − (GjkW k, W j)
= 2=((GjkW k, W j)),
m#{¼ky}Qkm0§¨mdyrl
{}#mJy |Gn| m{ (νG0 + K) yF~Q{°ikm#}lÉ{}¨mJ~k~kmJy³K#°ywQl#{}Qkmdyr}#mJ§¨§mJyµ·ÇSF~#F~y{}{mÂQkm§ª{mÂ}#mJ§¨§mÂzm§K¥ JQ{F~Ï³|¿JQµmJy{&m«k_·{mJlm#~Q{-§ª}m#§M{F~Î}mJim#ik#m_Á¤rJÇ
~y°§l0mdym0F¸§¨mdy°l
M{}mJy |Gn| m{ (νG0 + K) y_~Q{°}mJySmJ·{}¨Ã_m#lm#~Q{°Qy¨{ÃFmm#{-z×~¨mS_y¨{ÃFm
³¾J
ν > 0
µ·Çk_~2#F~#§¨k{Qkm5§ymJk§my_§¨z{}¨_~k_¹k§¨jJlm¼iFlF_j#~km¼mJy{b§
yF§z{}¨_~
~xk§§mFÁ
= " T " = ÐÅQÓ  Ñ   ©Ó P@   
Ö  : 9  :KJÕ_Ñ 9 Ó;: 9  
¤r~2_~yzjJmr#c§¨m°#_y
m
QkmJ§#F~Qkm¼QkÆ_}mJy_~.¦&k~km5k@«zl
M{F~
J§¨Jlm#~Q{}y×~y
SF§wx~kFl§mª³¾#m{{}m.l{}ikzzmFÇ'k§¨yF{}#k§¨j#}m#lmJ~_{5§©ÃM}F~Q{m
m = 1
ÇÆmJy{-#{z#mÂk§¨ym#~
k{}F¨§,kF~yb§ÂymJ{F~gzÁ ÁßµÁc­_l0lm&kddzm#llm#~Q{JÇS§D¥ Fkk}@«xl
M{}¨_~mdy|{°zF~-zy#F~Q{~xkmFÇ
F~km°mJ§{F~2zm5F~Q{}¨~xk¨{5#{}~Q{l0S_y#m°mJ~_{}m°§mJyJ§¨Jlm#~Q{}yJÁ
ux'F~©~Q{}xkkÉ{r§¨mdymJyF#mJy
PHs
km º F~{F~y
Hs
bl_}#mJk«IÇkk×~kyp#Fllm§mJy º _~·®
{}¨_~ybQk%yF~Q{§xJ§m#lm#~Q{
Hs
ykbk~km5{¨{F~©zm
Ω
³»Fbm«zm#lk§mykb§mJyFÃFm#{}y
Ωj
F¸2§mJy
{}m#~ym#}y
ε
m{
µ
y_~Q{#F~y{}F~_{y}µÇ_mJ~ÂlQyF~_{Qkm
W ∈ (PHs)6 ÇzF§¨_}y­F~_~Q{}É{e§D¥ m«zy{mJ~mkmJy{F#mJyyk§D¥ mJ~ymJl-¹k§mJykmJy º F#mJy º }F~Q{j#}mJy_~Q{mJ~kmdy#Á
  x¡;¡  =  0  $&#%  $% !
Cj
O  $&#% %0*  ')0*2 
U ∈ Vh
  &  (')*
W h ∈ Vh	   %12R012 **  & $ ')    %'   &2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∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
∑
k∈Vd
j
∫
Σjk
(GjkW k, U j)ds
+
∑
k∈Va
j
∫
Σjk
(|Gjk |W j , U j)ds = 0.
³¿dFµ
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x   ?uxcF~¨~Q{}j#F}m³HMµykk~km5mJ§¨§k§m
Cj
zl
§¨§_m¼Fkjdy@ÃFF º FÉ{b§m°k}xkkÉ{by}#F§F¨}m
@Ã_mJrk~km º _~·{}¨_~Â{}mJy{
U
_~_¹z{m#~Q{
∫
Cj
((pG0 + K)W j , U j)dx +
∫
Cj
(
zÃ
F (W j), U j)dx = 0.
Ì%m°{ikJF}j#lm5zm¯¼mJm#~z®¶m#l
~k~~k_ymJlm#{p§FyÆ¥ d}¨}m 
∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
∫
∂Cj
(F (W j).n, U j)ds = 0.
³¿J_µ
­_l0lmkF~y§¨m#_ykm­§pl#{ikzzmÃF_§¨l0mdy'×~ky#Ç@F~0z{}¨§ymk~km º F~{F~0zm Qz«-~xkl#}_m
#m#~Q{}#mr_k§¨mdy¨~Q{}m# º Fmdye~Q{mJ~kmdym{zJ#m#~Q{}#m¼_k§¨mdy¨~Q{mJ º _mdy º }F~Q{}¨jJmdy­F¹y_¹~Q{mdyVm{
_~&~{m
Gjk =
3∑
i=1
nxljkGl
_¸
njk = (n
x1
jk , n
x2
jk , n
x3
jk)
t mJy{[§°~k_l
F§¨mk~k¨{}F¨}m¦°§K¥ ~_{}m# º F#m
mJ~Q{}m¼§mJy#m#§§¨§¨mdy
Cj
m#{
Ck
Çkz¨}F#m5zm
Cj
ÃFmJ}y
Ck
ÁS¤r~F¹z{}¨mJ~Q{p§Fy 
∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
∑
k∈Vd
j
∫
Σjk
(Gjk
(
W j + W k
2
)
, U j)ds
+
∑
k∈Va
j
∫
Σjk
((G+jkW j + G
−
jkW k), U j)ds = 0.
³¿ Hµ
Ì'-_~z¨{F~.F¹y_¹~Q{mm#«xl#m º F¨¹k§m#lmJ~_{_}mJy_~
¦
G−jkW k = 0
ÁFemJ~~Q{#m#§5m#~
#Flz{}m°~y§D¥ dQM{}¨_~³¿ HµÇkF~F¹k{m#~Q{ 
∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
∑
k∈Vd
j
∫
Σjk
(Gjk
(
W j + W k
2
)
, U j)ds
+
∑
k∈Va
j
∫
Σjk
(G+jkW j , U j)ds = 0.
³¿
S_µ
[bF¨§§m#ky#Çz§m°¹k§F~2kmRQz«ykbi__m°#m#§§¨§¨myJ¥ d}É{
∫
∂Cj
GjkW jds =
∑
k∈Va
j
∫
Σjk
GjkW jds +
∑
k∈Vd
j
∫
Σjk
GjkW jds,
õ»íöÆõ÷ã
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S_µÇkSm#}l0m#{bc¥ d}¨}m 
∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
1
2
∫
∂Cj
(GjkW j , U j)ds
+
1
2
∑
k∈Vd
j
∫
Σjk
(GjkW k, U j)ds
+
∑
k∈Va
j
∫
Σjk
(G+jk −
Gjk
2
)W j , U j)ds = 0,
³¿J_µ
#m5_ÆJQkÃMz{b¦ 
2
∫
Cj
((pG0 + K)W j , U j)dx − 2
∫
Cj
(F (W j),∇U j)dx
+
∫
∂Cj
(GjkW j , U j)ds
+
∑
k∈Vd
j
∫
Σjk
(GjkW k, U j)ds
+
∑
k∈Va
j
∫
Σjk
(|Gjk |W j , U j)ds = 0.
³D_µ
V~yk¨{m_ÇemJ~Z}#z{}¨§yF~_{
§m2{ikJF}j#lm©zmg¯¼}m#m#~k® m#l
F~k~ÆÇ,l
y.m#{{m º _y® #bk~y§K¥ z{}m
ym#~y#Çz_~Â{}_kÃFm 
2
∫
Cj
((pG0 + K)W j , U j)dx − 2
∫
Cj
(F (W j),∇U j)dx
+
∫
Cj
(
zÃ
F (W j), U j) + (F (W j),∇U j)dx
+
∑
k∈Vd
j
∫
Σjk
(GjkW k, U j)ds
+
∑
k∈Vaj
∫
Σjk
(|Gjk |W j , U j)ds = 0.
V~©}Jkky}~Q{§¨mdy{mJlmdyF~F¹z{}¨mJ~_{b§0mJ§{F~zJy¨}#m_Á
ux%F~2y_l0lm5§mJy}m#§M{}¨_~y°³KFµyk{}Fz{}mJy§mJyb#m#§§¨k§mJy
Cj
F~F¹z{}¨mJ~Q{b§0}m#§M{F~2yk¨ÃMF~_{}m 
a(W , U) + b(W , U ) + c(W , U ) = 0,
ö'ö ç0Z[\]$^
F  P 0 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* 0	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 &0*  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_¸
a
Ç
b
m{
c
y_~Q{§mJy º F}l0mdyymdyQk§¨~kdmdy­ykÃM~Q{mdy 
a(W , U ) =
∫
Ωh
((pG0 + K)W , U )dx,
b(W , U) =
∫
Ωh
(−F (W ),∇U )dx,
c(W , U ) =
∑
Σjk⊂Fint
∫
Σjk
((GjkW k, U j) − (GkjW j , Uk))ds
+
∫
∂Ωh
(|Gn|W , U )ds.
³Dz¿dµ
Ì'ªk}FS_yÉ{}¨_~Àyk¨ÃMF~_{}mÂÃM)~kFy&Sm#}l0m#{{}m2zmÂ_kÃFmJ&Qkm~k{}mk_¹k§j#lmzy}}m{&mdy|{
¹¨mJ~S_yFÁ
 MÑ @eÑS
:¾Ó
:¾Ñ 9 6  % %012 %#%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%
a
%
b
	 .*')% 	+&*     %'  %*  <(a(W , U )) =
<(b(W , U )) 
 x    uxÆ_~~kF{m
b̃(W , U) = b(W , U ) − a(W , U ) F~Sm#z{bÃ_F º F§m#lm#~Q{bQkm 
b̃(W , U) =
∫
Ωh
((
zÃ
F (W ), U ) − (F (W ),∇U )) dx,
mdy|{bzm5{m¼}#mJ§¨§m°~xk§¨§m5m#~lF~Q{~Q{bQkm
b̃(W , U ) = −b̃(U , W ) Á
 MÑ @eÑS
:¾Ó
:¾Ñ 9 =  % %1 %R#' '* $&0'
a

b

c
	 .*')%	&0*     %'  %*  
<(a(W , W ) + b(W , W ) + c(W , W )) = 2
∫
Ωh
((νG0 + K)W , W )dx
+
∫
∂Ωh
(|Gn|W , W )ds = 0,
³DFFµ
0*%  $0* %  #%   * ')#%  (')* 	0R/  1 	'  %  012 *%*/%$  &"0 (')* *   
 x   ²¼~y­k~ÂmJl0m#­{mJly#Çzy}FiF~Q{­Qkm
p = iω + ν
m#{Qkm
(νG0 + K)
mJy{k~mrl
M{}m
ywxl{}_m¼}#mJ§¨§m5z×~k¨m°S_yÉ{}¨Ã_m 
<(a(W , W )) =
∫
Ωh
((νG0 + K)W , W )dx.
³KFË_µ
V~©_z{}m 
(GjkW k, W j) − (GjkW j , W k) = (GjkW k, W j) − (GjkW k, W j) = 2=((GjkW k, W j)),
m#{bF~F¹z{}¨mJ~Q{Qkm 
<(c(W , W )) =
∫
∂Ωh
(|Gn|W , U)ds.
³KQµ
õ»íöÆõ÷ã
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 k¿
V~y_llF~Q{&³KFËFµm#{0³K_µpm{rmJ~2{mJ~~Q{¼#Flz{}m&zm&§
_Qy¨{F~Î¿ÇSF~gm#{}FkÃ_m5§K¥ #Q§É{}
³¿JFµÁx¤rdÇk~y[§°lmdyk}mF¸ |Gn| m{ (νG0 +K) y_~Q{ezmJy[l
{}#mikm#}lÉ{}¨mJ~k~kmJyVmdySmJ{ÃFm#lmJ~_{S_y¨{ÃFmÂm#{0z#×~kmS_y¨{ÃFm)³K#F
ν > 0
µ·Ç,mdm#~Q{ ÷~km_m
W = 0
m#{0§gym#§¨my_§¨z{}¨_~Àz
_¹k§¨jJlm¼iFlF_j#~km¼mJy{b§yF§z{F~~xk§§¨m_Á
  3(5' !*	 589:    
,Fk#}¨Ã_m#-§)ÃFm#y¨_~;lF~kzzlm#~y¨_~k~kmJ§¨§mz ywxy{jJlmzm2qªM«z¬m#§§F~;k}m#~À_ll0m
k¨}mJ{F~;zm._QM{F~Èzm.§D¥ F~zm
k = (k, 0, 0)t
mÂQk_}mJy_~¦©§gz¨}mJ{F~
x
Ç'm#{-§
SF§}y{F~)kÈil)J§¨md·{}Qkm0{m#§§m._m
E = (0, 0, Ez)
t Á%Ì%SF§}y}M{}¨_~)zÎiFl0Èl
M®_~k{}QkmpmJy{zdzk¨{mrkÂk}zzk¨{eÃFmd·{_m#§
k×E m¼QkSkF~k~km H = (0, Hy, 0)t ÁV~ykQyF~Q{mJ~gk§y°Qkm
Ez
m{
Hy
yF~Q{¼zmdy º F~{F~y¼zm
x
m{
t
k~kQkm#lmJ~_{5_~ªF¹z{}¨mJ~Q{°§mJy¼d_M{F~yrzm
qgM«z¬­mJ§¨§mJ~½~km©z¨lmJ~yF~Ê³»_~ ~k{}m#)y¨lk§m#lmJ~_{
E
m{
H
¦§k§F#mkm
Ez
m{
Hy
µ·Á¤r~
ykkS_ym5y}yÆ_m
σ = 0
#m5_Æm#~Q{~km°Qkm
J = 0




∂
∂t
(εE) − ∂H
∂x
= 0,
∂
∂t
(µH) − ∂E
∂x
= 0.
³DFFµ
¤r~©yFkiFÉ{}mr#{k¨mJb§¨mywzy|{}j#lm
³K_µy§K¥ ¨~Q{}m#}Ã@F§¨§m  Ç ¹ 
DÁS¤r~2z_É{bz_~5z×~k¨§mJypF~zÉ®
{}¨_~y¼z«2§¨lÉ{}mJy¼m#~
x = a
m{
x = b
ÁSpkSm#§F~y¼QÆ¥ ¨§mJy{rS_y}y¹k§m&zm&dy_z}m§mJyrJQM{}¨_~y
kmqªM«z¬m#§§Æm#~ªiFl{}{§Æ_©m#~©ilªzI}_·{_Ák,Fk º F}lF§¨ym#by¨l&k§É{~kJlm#~Q{p§mJybzmJz«
º _l&k§M{F~y#Çz_~~Q{}xkkÉ{b~©lj{}m
ξ
ÃM§~Q{b§¨{m#}~{ÃFm#lmJ~_{b
yÆF~2yFkiFÉ{}m5dy_z}m
³DFµ¼mJ~ÎilÎzSF{ª³¾~y#m
#Fy
E
kJy¨_~km#Âlk§#É{}m#lm#~Q{
E 
 µ¼F ¿
yeF~Îy_kiFÉ{}m}JyFzm°m5ywzy|{}j#lm°m#~©il{F{}§V³¾m{
E
zdyF~kmJ}
E  µ·Á,FemQk#F~#m#}~km§¨mdyV_~z¨{F~y[Fz«&§¨l¨{mdy#Ç~Fy[ik_yyyF~y,zmb#F~yz#}m#,k~kmrF~zÉ®
{}¨_~gl{§§¨Qkm-mJ~
x = b
ÃFJ¨×F~_{
E  (b) = 0 m{°k~km_~z¨{F~)F¹yF}¹~Q{mkm-{|wxSmux§ÃFm#®q k§¨§m#0c¥ Fzmg¿.m#~
x = a
Ã_#}É×F~Q{
[E 
  − zH 
 ](a) = 0  Á[ux­_~ÎJ#¨{0#mJy-#F~kÉ{}¨_~y-zml
F~k¨jJm5¦_~§¨mJ§mJypzm#z« º F}l-k§M{}¨_~y#Çz_~ 
{
E  (b) = 0
[E 
 − zH 
  ](a) = 0 ⇔
{
E(b) + (1 − ξ)E  (b) = 0
[E − ξE  ](a) − z[H − ξH  ](a) = 0
⇔
{
E(b) = (ξ − 1)E  (b)
[E − zH ](a) = ξ[E  − zH  ](a).
¤r~kz#jJzm¼l
~_{}m#~F~Q{¦&§K¥ Fzlm#~yF~k~kmJlm#~Q{kmJyJQ{F~y¼³K_Fµem#~mImJ·{}~Q{§¨mdyi~z®
_m#lm#~Q{yzm°Ã@F¹§¨mdyykÃM~Q{}y 
 í%Û·å@ìÆÜKà¶ëJÞßàçdæ@ÜKÛ·çdì,ñ@ôßå@ì%ôßÛ·ÞßçrìKå@ÜÆô $ Û·ÜKÞ!·Þßçdà,æ@à[î|à¶ÝKÝKà.,¨Û·Ü¾úå@ôóÙ}ÝKÞßÛ·ç
ö'ö ç0Z[\]$^
_  P 0 $&* 0	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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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


x̃ =
x
L0
m{
t̃ =
c0t
L0
c̃ =
c
c0
= cr
Ẽ =
E
z0H0
m{bzmJl6_k
E  ,
H̃ =
H
H0
m{bzmJl6_k
H  .
_¸
c0 =
1√
ε0µ0
Ç
z0 =
√
µ0
ε0
Ç
H0
mJy{b§K¥ ~_{}m#~y¨{z©iFl02l
_~k{}Qkm5zm5} º JmJ~m°m#{
L0
§
§F~FkmJkzm5 º #}m#~#mFÁk²¼~y#m5#FyJÇz~k_y@ÃF_~y 



∂t(εE) − ∂xH = 0
∂t(µH) − ∂xE = 0
E(b) = (ξ − 1)E  (b)
[E − zH ](a) = ξ[E  − zH  ](a)
⇔



∂t(ε0εrz0H0Ẽ) − ∂x(H0H̃) = 0
∂t(µ0µrH0H̃) − ∂x(z0H0Ẽ) = 0
[z0H0Ẽ](b) = (ξ − 1)[(z0H0Ẽ  ](b)
[z0H0Ẽ − z0zrH0H̃ ](a) =
ξ[z0H0Ẽ  − z0zrH0H̃  ](a)
yF¨{m#~#F}mFÇzmJ~y¨lk§¨×~Q{bF
H0
m#{bm#~{mJ~~Q{p_lz{m5zm5§D¥ _zl0mJ~y¨_~k~km#lmJ~_{bzm
t
m{
x




∂t̃(
ε0εrz0c0
L0
Ẽ) − ∂x̃(
H̃
L0
) = 0
∂t̃(
µ0µrc0
L0
H̃) − ∂x̃(
z0Ẽ
L0
) = 0
[z0H0Ẽ](b) = (ξ − 1)[(z0H0Ẽ  ](b)
[z0H0Ẽ − z0zrH0H̃ ](a) = ξ[z0H0Ẽ  − z0zrH0H̃  ](a),
@Ã_mJ0§mJy°~kF{}M{}¨_~y#§_yyQkmdy
∂t =
∂
∂t
m{
∂x =
∂
∂x
Á%_k-#F~#§¨k}mFÇÆFk}jJy5y¨lk§É×S#M{}¨_~ÆÇÆ_~
_¹z{m#~Q{



∂t̃(εr)Ẽ − ∂x̃(H̃) = 0
∂t̃(µrH̃) − ∂x̃(Ẽ) = 0
Ẽ(b) = (ξ − 1)Ẽ  (b)
[Ẽ − zrH̃ ](a) = ξ[Ẽ  − zrH̃  ](a),
³D_µ
²¼~y§©yk¨{mFÇ%_k-§§#FmJ5§¨mdy5~kF{}M{}¨_~yJÇc~kFy-¹F~zF~~kF~y¼§m.ywxl&¹_§¨m
˜
SFk5{}Fz{}mJy
§mJyÃM}F¹k§mJy
m#{~k_yÂ~{_~yÂyl0§¨mJl0mJ~Q{
ε
Ï§m# zm
εr
³»m#{zm#l+SFk
µr
µÁ¤r~ F¹z{}¨mJ~_{
õ»íöÆõ÷ã
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F§¨_}yek~ywzy|{}j#lm º _lmJ§¨§m#lm#~Q{JQkÃ@F§¨mJ~Q{ywzy{jJl0mr¨~É{}F§,³DFµÁ¤r~.¨~Q{}zzk¨{§¨mdy­QF~_{}É{}Jy
ykÃM~Q{mdy 
W =
(
E
H
)
, θ =
(
ε 0
0 µ
)
, A =
(
0 −1
−1 0
)
, F (W ) = AW.
³KOHµ
p§¨_}yJÇÆ§mJy-km#z«Èk}m#l¨jJmdy°JQ{F~yk;ywzy{j#lmª³D_µ5mJkÃFmJ~_{0ym
}#d}¨}m
y_y5§ º F}l0m
#F~ym#}ÃMM{}¨Ã_m¼ykÃ@F~Q{m 
θ
∂W
∂t
+
∂F (W )
∂x
= 0.
³K+S_µ
npFyykQy_~y[l
~Q{mJ~~Q{­Qkmb§mril
W
yÉ{e~kmrzJmJ~kF~mri}lF~kQkmm#~
{}m#ly
km¼k§y}M{}¨_~
ω̃ ∈ R ÃFJ¨×~Q{ ω̃ = ω
c0
Áh%_z{b_l0lm°SFk§mJyk{}mJyÃM}F¹k§¨mdy#Çx_~_yy¨l§¨m
ω̃
¦
ω
ÇkyÆ¹km#~2Qkm.³K+SFµzmJÃQm#~Q{ 
iωθW (x) +
∂F (W )
∂x
= S,
³KF_µ
_¸ÆÇ'#Fllm.F~Î§D¥ ©lF~Q{}ÂkF~y5§ªymd·{}¨_~ÀzÁßxÇ'§m
{}m#}l0my_k}#m
S
mJy{-~xk§yF~È{}}@ÃM§§¨m
mJ~
ilÂ{}{§cm{b~F~~Q§%k~y§¨mJFy_~Q{m_Á
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'    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¤r~Îzy##{ym§D¥ ~Q{mJÃM§§m  Ç ¹ 
VmJ~
N
#m#§§¨§¨mdy
Cj
zm.{}§§¨m
∆xj

Cj = [xj− 1
2
, xj+ 1
2
]
@ÃFmd
x 1
2
= a
m{
xN+ 1
2
= b
³»ÃF_¨§&×FmµÁ
ii−1 i+1 N N+1N−1
N−1/2 N+1/2
0 1 2
1/2 3/2 i−1/2 i+1/2
a b
C i
45768S 9Â²ry}}{}y}M{}¨_~zm5§D¥ ¨~Q{mJÃMF§¨§m  Ç ¹ 

Ì%mJymJ§¨§k§mJy
C0
m{
CN+1
mJkdymJ~Q{m#~Q{zmJymJ§¨§k§mJy×{ÃFmdyQkÆym#}Ãx¨}F~Q{k~y#m°Qkcyk¨{¦
J§k§m#§mJy Qz«k«Â_¨~Q{y
x = a
m{
x = b
Á
,Fk~km º F~·{F~2Ã_mJ·{}F}¨mJ§¨§m
W
F~2~kF{m
Wj
§0Ã@F§¨mJklMwFmJ~k~km5zm
W
yk§m#§§k§¨m
Cj

Wj =
1
∆xj
∫
Cj
W (x)dx.
ö'ö ç0Z[\]$^
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¤r~)~k{}m#ÂJ_F§¨mJl0mJ~Q{
Wj± 1
2
§ÃMF§¨mJk¼Fkk}zik#mzm
W
¦§K¥ ¨~Q{}m# º Fm0m#~Q{}m0§¨mdy°m#§§k§¨mdy
Cj
m{
Cj±1
³
Wj± 1
2
≈ W (xj± 1
2
)
µ·Á e~-~_{}#_}F~_{§K¥ JQ{F~Â³DQµ%yk§¼mJ§¨§k§m {Cj}1≤i≤N Ç@F~&F¹z{}¨mJ~Q{ 
∫
Cj
(iωθW (x) + [F (W (x))]x) dx =
∫
Cj
S(x)dx
⇔ iω
∫
Cj
θW (x)dx +
∫
Cj
[F (W (x))]xdx =
∫
Cj
S(x)dx
⇔ iω∆xjθjWj +
(
F (W (xj+ 1
2
)) − F (W (xj− 1
2
))
)
= ∆xjSj
⇔ iω∆xjθjWj +
(
Fj+ 1
2
− Fj− 1
2
)
= ∆xjSj ,
³KËF_µ
_¸
εj
m#{
µj
y_~_{b§mJyr#F}_·{Jy{_mJy#§mJ{}Fl
_~k{}QkmdyFy}yz#mdyb¦§.mJ§¨§k§m
Cj
ÇykkS_y#mJy
#F~y{}F~Q{mJy[yk
Cj
Á_,Fe§§¨mJk}yJÇ
Fj± 1
2
mdy|{V~kmpk@«zl
M{F~z Qz«
F (Wj± 1
2
)
Fz« º }F~Q{j#}mJy
kmJy[mJ§¨§¨§mJyJÁ@_k[§mJy º F#mJy,~_{}m#}~kmJy {xj+ 1
2
}1≤j≤N−1
Ç#mJy Qz«0y_~_{[#F§#k§Jy[zml
~kj#}mm#~Q{}Jm
 ËFË 
 



Fj− 1
2
=
1
2
(Fj + Fj−1) = A
(
Wj + Wj−1
2
)
Fj+ 1
2
=
1
2
(Fj + Fj+1) = A
(
Wj + Wj+1
2
)
ux%F~¨~M|md·{}m-mdym«zk}mJy}yF~zm5k~y-³¾ËF_µ·Çk_~_¹z{m#~Q{bSFk
j ∈ {2, ..., N − 1} 
iω∆xjθjWj + Fj+ 1
2
− Fj− 1
2
= ∆xjSj
⇔ iω∆xjθjWj +
1
2
(AWj+1 + AWj) −
1
2
(AWj + AWj−1) = ∆xjSj ,
³KËk¿dµ
#m5_%zF~~km 
−AWj−1 + 2iω∆xjθjWj + AWj+1 = 2∆xjSj .
³KË_Fµ
¶§zyJ¥ FF¨{'l
~Q{m#~~Q{zmk}m#~km­m#~-#Flz{m§mJyF~zÉ{}¨_~yz«5§¨l¨{mJyJÁMqªy~kFy'zmJÃF_~y%F
d§¹k§me}JF§¨ymJ,k~0J§k§zJ§¨l¨~F¨}m_z~kFy,ym#pk{§¨mSFk[§m{¨{m#lmJ~_{Vzm§r#F~kÉ{}¨_~
F¹yF}¹~Q{m¼zm°{|wxm-uz¨§ÃFmJ®¶qk§§¨mJJÁ
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kÓ	0:¾Õ   ,  M
Ì%m.ywzy{j#lm.zm.qgM«z¬­mJ§¨§V{m#lSF}m#§p³DFµ5mJy{-zm
~M{}k}m
iQwxSm#}¹_§¨Qkm
zF~
zFF_~§y}¹§¨m_Á
­mJmJ~kF~_{dÇÆm#{{m
z_F~F§¨y}M{F~)zF¨{°yJ¥ FS#}m#5y¼§m
ywzy{jJl0m
zm
qª«z¬­mJ§¨§,J#¨{5y_y º F}l0m
#F~ym#}ÃMM{}¨Ã_m 
∂Q
∂t
+
∂G(Q)
∂x
= 0,
³¾Ë_Ë_µ
@Ã_mJ 
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Q =
(
D
B
)
=
(
ε 0
0 µ
)(
E
H
) m{
G(Q) = MQ
@Ã_mJ
M =


0 − 1
µ
−1
ε
0


Ì'0kFFF~§y}M{}¨_~zm
M
y#¥ J#¨{b§Fy
M = PΛP−1
@Ã_mJ 
Λ =
(
−c 0
0 c
)
, P =
(
1 1
z −z
) m{
P−1 =
1
2
(
1 z−1
1 −z−1
)
.
²&¥ Fz{}m0{JÇcy[¨~Q{}zzk¨{¼§mJy¼~kF{}{F~y
x+ = max(x, 0)
m{
x− = min(x, 0)
SF
x ∈ R Ç_~Qkm
x = x+ + x−
m{pQkm |x| = x+ − x− Á V~©k§¨Q~Q{bmdy~kF{}M{}¨_~yz«#§#lm#~Q{yzmJyl
{}#mJy¨® kmJy}yyJÇzF~2z#×~k¨{ 
Λ− =
(
−c 0
0 0
)
, Λ+ =
(
0 0
0 c
) m{ |Λ| =
(
c 0
0 c
)
.
²rm.§¦kÇÆ_~Èk×~k¨{-yyV§mJy5l
M{}mdy5zm Qz«Qy¨{ º ym#{~k#QM{} º yJÇÆm{_~Èm#{}FkÃ_mF§¨_}y¼§mJy
}m#§M{}¨_~y0m«zk}¨lJmJy0k§yik{JÁ­¤r~ )mJ~Zm Sm#{
M± = PΛ±P−1
m#{ |M | = P |Λ|P−1 Á­­mJyl
{}#mJyÃFJ¨×m#~Q{¹km#~
M = M+ + M−
m{ |M | = M+ − M− Á V§§mJyÃM§m#~Q{b}mJymd·{ÃFmJlm#~Q{
M+ =
1
2


c − 1
µ
−1
ε
c

 , M− =
1
2


−c − 1
µ
−1
ε
−c


m{ |M | = |Λ| = c  2.
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Ì%me#_zm[mdy|{§¨m­ykÃM~Q{ JF~5l0S_ymVk~me_~z¨{F~¹y_¹F~Q{m[5SF~Q{
x = a
ÇJk~kme#F~z¨{F~
l#{}§§Qkm-FªSF~_{
x = b
Çm#{rF~ªyFi¨{mmJ~xÃFMwFmJk~km&F~zm-¨~#km#~Q{m
W  Qkym&k__mkm
x = a
Ã_m#y5§D¥ ~Q{#}m#k-km  kÇ ¹ 
DÁ[­Fllm.~k_y§D¥ @Ã_F~y°dy.dJkm#llm#~Q{JÇm{{m._~zm
~#zmJ~Q{mrkm#Ãx}Ä{}mp~Jmdyy}}m#lm#~Q{­yF§z{F~zmJy­JQ{F~y­zm¼qgM«z¬­mJ§¨§DÁF,_ky}M{}y º }mpm#{{m
#F~kÉ{}¨_~ÆÇI~kFy¼SFkÃ_F~yrk}m#~km0k~km0F~km&k§~m0zm§ º _lm
W  (x) = (ηe, ηh)e−kx @ÃFmd~km_~z¨{F~2yk§m°~kFl&¹k}m°Æ¥ _~zm
k
Á
,F{¨{mJbmJy#F~kÉ{}¨_~yz«§¨lÉ{}mJyJÇk§%_~QÃxm#~Q{bzm5§mJy}mJymd·{}m#b2ym#~y º F¨¹§¨m_Áb~yKÇ
_~Fkk}zikmr§mJyb{}{}yFz«ÂSF~_{y
x = a
m{
x = b
F§¨mdy º F}l-k§mJyykÃ@F~Q{mJy 
9
W (a) ≈ W 1
2
= (W0 + W1)/29
W (b) ≈ WN+ 1
2
= (WN + WN+1)/2npJ~l0_¨~y#Ç§¨mdy#m#§§¨§¨mdy
C0
m{
CN+1
yF~Q{Â×{ÃFmdyÂm#{F~´F~yzj#}mgQkm§¨mdyÂlj{}mdy
J§¨md·{}_lFF~k#{QkmJy
ε
m{
µ
F}}mJy_~zm#~Q{¦©mJz«km
§¨mJk}y-m#§§k§¨mdy5ÃF_y~kmJyJÁ%²rm
k§¨y#Ç'¨§ º z{
iFy,_k
W0
m{
WN+1
zmJy,#{}M{y,×{ º y[mdySmJ{ÃFmJl0mJ~Q{[_yyzJy,k«&mJ§¨§k§mJy
C0
m{
CN+1
zm
ö'ö ç0Z[\]$^
F  P 0 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* 0	
 &0*  '.&0*/	
 ' * 
yF{m­_m
W 1
2
m#{
WN+ 1
2
y}M{}y º Fy}ym#~Q{'}mJymd·{}¨Ã_m#lm#~Q{%§mJy,_~z¨{F~y'¹yF}¹F~_{}mJy%m{'l#{}§§Qkmdy#Á
p¨~yDÇycF~Qym 
W0 =
(
0 z1
z−11 0
)
W1 + ξ
(
1 −z1
−z−11 1
)
W  , ³KËQµ
WN+1 =
(
−1 0
0 1
)
WN + 2(ξ − 1)
(
1 0
0 0
)
W  , ³KË_Fµ
m#{ 
A1 =
(
1 −z1
−z−11 1
) m{
AN =
(
1 0
0 0
)
,
F§¨_}y 
A1
W0 + W1
2
=
1
2
A1
[(
1 z1
z−11 1
)
W1 + ξ
(
1 −z1
−z−11 1
)
W 
]
=
1
2
A1
(
1 z1
z−11 1
)
︸ ︷︷ ︸
=0
W1 +
ξ
2
A21︸︷︷︸
=2A1
W 
= ξA1W  ,
AN
WN + WN+1
2
=
1
2
AN
[(
0 0
0 2
)
WN + 2(ξ − 1)
(
1 0
0 0
)
W 
]
=
1
2
AN
(
0 0
0 2
)
︸ ︷︷ ︸
=0
WN + (ξ − 1) A2N︸︷︷︸
=AN
W 
= (ξ − 1)ANW  .
­_l0k{m0{mJ~QÎzmdy°k}FS_yÉ{}¨_~yp2m#{&.J~kF~##mdy¼~y°§D¥ F~k~km#«xm HzÁ¨¿Çc§mJy5#F~kÉ{}¨_~y°§¨lÉ{}mJy
yF~Q{b¹km#~©}mJySmJ·{}#mdy º ¹k§m#lm#~Q{JÁSm#l
F}Qk_~yb2_yy}_m5_m
Z−11 M
+
1 θ1 =
1
2
A1
y%¹km#~ªQkm
§_~z¨{F~22¹_}¹y_¹F~Q{yJ¥ d}É{pFyy
A1
W0 + W1
2
= ξA1W  = 2ξZ−11 M+1 θ1W 
@Ã_mJ
Z1 =
(
z−11 0
0 z1
) Á
npFySFkÃ_F~y&_yym#¦g§D¥ kk}@«z¨l
{F~Àzmdy Qz«
F 1
2
m{
FN+ 1
2
_yyzJy&mdySmJ{ÃFmJl0mJ~Q{
Fz«È_¨~Q{}y
x = a
m#{
x = b
Áh%_z{0#Fllm._k-§mJy&mJ§¨§k§mJy~Q{mJ~kmdy#Ç'§¨m#§§­zmdy Qz«Îk«
º }F~Q{}¨jJmdyrl#{}§§Qkm
m#{5F¹yF}¹~Q{m0}m#S_ymyk5k~m.yikJl
#m#~Q{}FÁ%npJF~klF~y#Çc~Fy5F§¨§F~y
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Ã_F[_mkF~y,§mJFy[zm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 º }F~Q{}¨jJm¹yF}¹F~_{}mFÇ@§rz#×~k¨{F~
zm
WN+1
³¾ËQµ%ÃM¼m#~ º ¨{e_~zk}m
¦0§D¥ k{§¨y{F~2c¥ k~ªyi#l
&kJmJ~Q{}¼SF§¨mJ§k§Æz Qk«m#~
x = b
Á
,F
j = 12
§m2Qz«;_}mJySF~kF~Q{5yJ¥ m«zk}¨lm.F
F 1
2
=
1
2
(AW0 + AW1)
Á[­Flz{}m.{mJ~x
km¼§0F~zÉ{}¨_~)³KËQµ­m#{kmJylj#{}mJy­#§mJ·{}_l
F~{QkmJyzm
C0
zmJ~Q{¨×Jy¦0mJz«zm
C1
Çz_~
_¹z{m#~Q{
F 1
2
=
1
2
A
[(
0 z1
z−11 0
)
W1 + ξ
(
1 −z1
−z−11 1
)
W  +
(
1 0
0 1
)
W1
]
=
1
2
A
[(
1 z1
z−11 1
)
W1 + ξ
(
1 −z1
−z−11 1
)
W 
]
=
1
2
[(
−z−11 −1
−1 −z1
)
W1 + ξ
(
z−11 −1
−1 z1
)
W 
]
= M−1 θ1W1 + ξM
+
1 θ1W  = M−1 Q1 + ξM+1 Q 
¤r~0F~y|{M{mQkme§m.Qz«
F 1
2
mdy|{'×~§m#lmJ~_{,#ÃMF§¨k-l0Mw_m#~-Æ¥ k~0yi#l
pzdmJ~_{}yl¨§}m
Fy}ik#l
0zmuQ{mJFmJ­m#{ È}l¨~  ËOH 
%yFÃFm#~Q{Fz_z{¼SFk§mr{}}FÉ{}m#lm#~Q{zmJy#F~z¨{F~yFz«
§l0¨{mdy
¦g§D¥ ¨~z×~kbk~y&§)dy_§¨z{}¨_~;~xkl#}Qkm2zmdy0ywzy|{}j#lmJyc¥ e²rey.zm§glJJ~kQkm2zmJy
QkkmJy0Flk}mJy}y¨¹k§mJy³»Ã_F-F&m#«xmJlk§¨m  
»µ·Áe­my}ik#l
gmJlm{zm2zI#}m#~m#-§mJy0_~zmJy
}m#~Q{}}F~_{}mJyzmJy_~zmdyy_{~Q{mdy­¦0§ º }F~Q{j#}m°c¥ ~kmmJ§¨§k§mFÁb~yKÇz§0l
M{}m5zmJy Qz«ÂS_yÉ{} º y
³K_~y|{}É{}m0¦§K¥ zmzmJy°ÃMF§¨mJk}yrk}Fk}mJyrS_yÉ{}¨Ã_mJyµbSm#}lm{zmF~yz#}m#¼§mJy¼F~kmJy°§§F~Q{°zm
{a} ÃFmJ}y {b} ÇM¥ mJy{®¶¦M®¶zm§§F~Q{[km§K¥ m«x{Jm#[ÃFm#y,§D¥ ~Q{#}m#kVz
z_l
~kmFÁ rF~Q{[¦¼§°l
M{}mkmJy Qk«&~kJ_M{} º y³K_~y|{}É{}mb¦r§D¥ zmbzmJyVÃ@F§¨mJky,k_k}mJy,~kJ_M{}¨Ã_mJyµ·Ç@m#§§mmJlm{zmb_~yzJmJ
§mJyeF~kmJyeF§¨§~Q{ezm {b} Ã_m#y {a} ÇFF¥ mdy|{® ¦® z}mb§§F~_{ekmp§D¥ ~Q{#}m#kVÃ_m#y[§D¥ m#«Q{}#}¨mJk­k.zFl
~km_ÁÌ'F~zÉ{}¨_~F¹y_¹~Q{m°_¨~Q{
x = a
m«zk}¨lm¼§0~k_~z® Qm«zF~kmJyF~zmJyk}MÃFmJ~~Q{zm°§
#m#§§¨§¨m
C1
ÃFmJ}y§D¥ ~Q{Jm#kbk2kFl
~kmFÁkÌ%mJyym#k§mJy_~zmdym#~Q{~Q{mdyy_~_{§mJy_~zmdy¨~#km#~Q{mdy#Á
Ì%m{mJlm
M+1 θ1W  mdy|{­kF~k~mpzF~~k#mbz
_¹k§¨jJlmm#{JÇ_eyFkzmp#FllzzÉ{}FÇ~FyS_yF~y
γ 1 = M+1 θ1W  Ák[Fbyk¨{m 
F 1
2
= M−1 θ1W1 + ξγ 1 . ³KËF_µ
V~©~M|md·{}F~Q{5³KËFQµk~y§zm#}~kj#}m°JQM{}¨_~km³KËFQµ·Çk_~_¹z{m#~Q{
iω∆x1θ1W1 + F 3
2
− F 1
2
= ∆x1S1
⇔ iω∆x1θ1W1 +
1
2
(AW1 + AW2) − (M−1 θ1W1 + ξγ 1 ) = ∆x1S1
⇔
(
iω∆x1

2 +
1
2
Aθ−11 − M−1
)
θ1W1 +
1
2
AW2 = ∆x1S1 + ξγ 1
⇔
(
2iω∆x1

2 + M1 − 2M−1
)
θ1W1 + AW2 = 2(∆x1S1 + ξγ 1 ).
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¤r
M1 − 2M−1 = (M+1 +M−1 )− 2M−1 = |M1| = c1

2
m{F~
F¹k{m#~Q{z_~bSFe§k}m#lj#}m
#m#§§¨§¨m 
(2iω∆x1 + c1) θ1W1 + AW2 = 2
(
∆x1S1 + ξγ 1
)
.
³KËOHµ
uxl¨§}m#lm#~Q{JÇz§m Qz«ÂSFk
j =
N
2
y#¥ J#¨{
FN+ 1
2
=
1
2
(AWN + AWN+1)
ÁÌ%0mJ§¨§k§m
CN+1#{}F~_{5×S·{ÃFm_Ç%~k_yF§¨§F~y°lQymJ-¦©m#{{}mÂmJ§¨§k§m.§K¥ {M{-l_¨.³KË_µ5_k§ª_~z¨{F~ÈQ®
iy}yF~Q{m-F©_¨~Q{
x = b
ÁS²rm-k§yJÇIF~©zm#~Q{¨×m&§¨mdypF}Flj{}mJyb#§mJ·{}_l
F~{QkmJypzm
CN+1¦#m#z«km
CN
ÁS¤r~F¹z{}¨mJ~Q{p§Fy 
FN+ 1
2
=
1
2
(AWN + AWN+1)
=
1
2
A
[
WN +
(
−1 0
0 1
)
WN + 2(ξ − 1)
(
1 0
0 0
)
W 
]
=
1
2
A
(
0 0
0 2
)
WN + (ξ − 1)A
(
1 0
0 0
)
W 
=
(
0 −1
0 0
)
WN + (ξ − 1)
(
0 0
−1 0
)
W  .
ux%F~~k{}m
PN =
(
0 −1
0 0
) m{
γ N =
(
0 0
1 0
)
W  Çk~kFyF¹z{}m#~k_~y 
FN+ 1
2
= PNWN + (1 − ξ)γ N . ³KË+S_µ
V~©~M|md·{}F~Q{5³KË+SQµk~y5³KËFFµÇkF~m#~©zdzk¨{ 
iω∆xNθNWN + FN+ 1
2
− FN− 1
2
= ∆xNSN
⇔ iω∆xNθNWN +
(
PNWN + (1 − ξ)γ N
)
− 1
2
(AWN−1 + AWN ) = ∆xNSN
⇔ −1
2
AWN−1 +
(
iω∆xNθN + PN −
1
2
A
)
WN = ∆xNSN + (ξ − 1)γ N
⇔ −AWN−1 +
(
2iω∆xN

2 + (2PN − A)θ−1N
)
θNWN = 2
(
∆xNSN + (ξ − 1)γ N
)
.
¤rdÇky%F~~k{}m
RN =
(
0 −µ−1N
ε−1N 0
) Ç§Fy
(2PN − A)θ−1N = RN
m{pz_~ 
−AWN−1 + (2iω∆xN

2 + RN ) θNWN = 2
(
∆xNSN + (ξ − 1)γ N
)
.
³KËF_µ
õ»íöÆõ÷ã
 
		 !"$#%&(')*"	+" &,-./&0120*')#% F
npFy5@Ã_F~yr×~F§¨mJlm#~Q{5#ÃM§k§¨mdy Qz«Èz«g~Q{mJ º _mJy°zm
i_Qkm
m#§§k§¨m
zÈl
§§FFmFÁ V~
Fy}ym#l-¹§F~_{§mJy
m#«xmdyy¨_~y©³¾ËQµ·Ç¼³¾ËDHµ·Çem{)³KËFFµÇe~k_y
~k_y
lm#~k_~y
¦È§ º F}l-k§M{}¨_~ k
ywzy|{}j#lm5c¥ JQM{}¨_~yyk¨ÃMF~_{



(2iω∆x1 + c1)θ1W1 + AW2 = 2(∆x1S1 + ξγ 1 ),
−AWj−1 + 2iω∆xjθjWj + AWj+1 = 2∆xjSj ,
SFk
2 ≤ i ≤ N − 1,
−AWN−1 + (2iω∆xN

2 + RN )θNWN = 2(∆xNSN + (ξ − 1)γ N ).
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I " 6 " T J Ód    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²¼~ym#{{}m­ymJ·{}¨_~ÆÇdF~5ÃMpc¥ ¹SF°J#}mey_y º _lmVl
{}#¨mJ§¨§mV§m­ywxy{jJlmr³»QFµcmJ~m«zik¹F~_{
§mJyk}Fk}{dyÂzmdyÂl
{}#mJy_¼~Q{mJÃxm#~k~kmJ~Q{JÁb¤r~ÏÃM;m#~yk¨{mÈzJl0_~Q{}m#Â§D¥ ¨~xÃFmJ}y¹k¨§¨{)k
ywzy|{}j#lm°§¨~kdm°}Jyk§É{~Q{JÁ
'ÃM~Q{c¥ m«zk}l0mJ'§m­ywzy|{}j#lmp³¾__µ%y_y º F}l0mel{}#¨mJ§¨§mFÇd~k_y%F§¨§F~y'§melzzÉ×m#,zm º  F~¦
_¹z{mJ~kVzmJy,k}F{}Jy,}m#l
Q¹k§mJyyk[§°l
{}#m#F}mdySF~k~Q{m_ÁM¤r~
z#×~k¨{[{_z{ec¥ ¹SF	
Θ =


θ1

2 . . . . . .

2

2 θ2
Á Á Á ÁÁÁ
ÁÁÁ Á Á Á Á Á Á Á Á Á ÁÁÁ
ÁÁÁ Á Á Á
θN−1

2
2 . . . . . .

2 θN


@Ã_mJ
θj =
(
εj 0
0 µj
)
.
­_l0lm ∀j ∈ {1, ..., N} , (εj , µj) ∈ (R∗+)2
ÇV§bmJy{Â§.Qkm
Θ
mdy|{.k~m©l{}#mªz×~k¨m
S_y¨{ÃFmFÁeuzbF~½Qym
Dj = 2ω∆xjθj
Ç
Zj = cjθj =
(
z−1j 0
0 zj
) ÇVm{ÂyF~½~kF{m©Qkm
R̄N ≡
RNθN =
(
0 −1
1 0
) Ç§FyF~mJz{p}#J#}mp§mywzy{j#lm
³»QFµyFy§ º F}l0m 



(iD1 + Z1)W1 + AW2 = 2(∆x1S1 + ξγ 1 ),
−AWj−1 + iDjWj + AWj+1 = 2∆xjSj ,
SFk
2 ≤ j ≤ N − 1,
−AWN−1 + (iDN + R̄N )WN = 2(∆xNSN + (ξ − 1)γ N ),
³¾¿dµ
m#{JÇyFy º _lm5l
M{}m#§§m 
AW = b ³»xFµ
_¸ A Ç W m{ b yF~Q{bz_~k~kJyb 
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A =


iD1 + Z1 A

2 . . . . . .

2
−A iD2 A
Á Á Á ÁÁÁ

2
Á Á Á Á Á Á Á Á Á Á Á Á ÁÁÁ
ÁÁÁ Á Á Á Á Á Á Á Á Á Á Á Á 
2ÁÁÁ Á Á Á Á Á Á
iDN−1 A
2 . . . . . .

2 −A iDN + R̄N


,
W =


W1
W2ÁÁÁ
ÁÁÁ
ÁÁÁ
WN−1
WN


, b =


2(∆x1S1 + ξγ 1 )
2∆x2S2ÁÁÁ
ÁÁÁ
ÁÁÁ
2∆xN−1SN−1
2(∆xNSN + (ξ − 1)γ N )


.
npFy°§§F~yrl
~_{}m#~F~Q{¼lF~Q{}mJ¼Qkm0§¨mywxy{jJlm&§¨~J}m³»xµrmJy{r{}FM|_kyp~xÃFm#y¨¹k§mFÇIm
QkmJÃQm#~Q{V¦5zJl0_~Q{}m#,§K¥ m«zy|{}m#~#mm{V§D¥ ~k#É{}pzm§5y_§¨k{F~zk_¹k§j#lmbzy##{y_Á_­Flz{m
{}m#~x2zmJy_k{}Jyzm5§0l{}#m
Θ
ÇzF~mJy{b}Fl0mJ~k5¦z#lF~Q{}mJ§D¥ ¨~xÃFmJ}y¹k¨§É{}5zm°§l
M{}m
A Ák,Fk º _§¨¨{mJbm{{mzJlF~y{M{F~%ÇQ_~2¨~Q{}zzk¨{§¨mdyl
M{}mJy D Ç Z m{ R Çz#×~kmJyF
D =


D1

2 . . .

2

2 D2
Á Á Á ÁÁÁ
ÁÁÁ Á Á Á Á Á Á 
2
2 . . .

2 DN


, Z =


Z1

2 . . . . . .

2

2

2
Á Á Á ÁÁÁ
ÁÁÁ Á Á Á Á Á Á Á Á Á ÁÁÁ
ÁÁÁ Á Á Á Á Á Á 
2
2 . . . . . .

2

2


,
R =



2 A

2 . . .

2
−A  2
Á Á Á Á Á Á ÁÁÁ

2
Á Á Á Á Á Á Á Á Á 
2ÁÁÁ Á Á Á Á Á Á 
2 A
2 . . .

2 −A R̄N


,
km.{mJ§¨§m2y_{}mÂQkm A = iD + Z + R ÁV¤r~À~k{}m#ªQkm Z mJy{&k~ml
M{}mJm#§§¨mywxl{}QkmS_y¨{ÃFm5m{°Qkm R mJy{pk~km-l{}#m-~Q{}ywxl0#{}Qkm_Ánb_ySFkÃ_F~yp§Fybz#l_~_{}mJb§m§¨mJll0mykÃM~Q{
  x¡;¡  I 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120*')#% Ë¿
 x    uxkQy_~y¼_m AW = 0 SF W ∈ C2×N Ácq©_~_{}_~ypQkm Wj = 0, ∀ j ∈ J1, NK Á¤r~2_~y{}M{}m5k~y~mJl0m#{}m#lybQkm 
AW = 0 ⇒ W ∗AW = 0 ⇒ W ∗(iD + Z + R)W = 0 ⇒ W ∗(iD + R)W + W ∗ZW = 0.
_¸
iD +R mJy{k~m¼l
{}#m¼F~_{}¨im#}l0¨{m#~~kmFÁx[yÉ{}mFÇkc¥ k}jJy­§-k}FS_y¨{F~)¿dkmr§D¥ F~k~km#«xmHzÁ zÇ
iD+R ∈ iR Á@²&¥ z{}mF{dÇdky}Qkm Z mdy|{[k~kml
M{}mJm#§§¨mS_yÉ{}¨Ã_mFÇ@F~0rQkm ?WZW ∈
R+
Á V~5}JyklFÇ <(W ∗AW ) = W ∗ZW m{ i=(W ∗AW ) = W ∗(iD+R)W ÁJ²rF~ W ∗AW =
0 ⇒ W ∗ZW = W ∗(iD + R)W = 0 Ác­_l0lm W ∗ZW = W ∗1 Z1W1
ÇIm{°_l0lm
Z1
mJy{rk~km
l
{}#m°k×~km5S_yÉ{}¨Ã_mFÇk§Fy~kJ#mJy}yF¨}m#lmJ~_{
W1 = 0
Áz[Fb§¨§m#ky 
AW = 0 ⇒ ∀ j ∈ {1, ..., N} , (AW )j = 0
V~g{k§m#dÇk_k
j = 1
ÇF~ 
(iD1 + Z1)W1 + AW2 = 0
ÁI¤rdÇ
W1 = 0
ÇzF~
AW2 = 0m#{
W2 = 0
J
A
mdy|{~QÃ_m#y¹k§mFÁV¤r~Àk}zjdzmÂmJ~yÉ{}mF&}J#k}mJ~m.SF
j ∈ J3, N − 1K ÁuzkkS_yF~yz_~°Qkm
Wj−1 = Wj = 0
Á¤r~§Fy 
AW = 0 ⇒ (AW )j = 0 ⇒ −AWj−1 + iDjWj + AWj+1 = 0 ⇒ AWj+1 = 0 ⇒ Wj+1 = 0.
V~ª#F~#§¨yF~ÆÇx§D¥ ixwxS{ijJym°km5dk}mJ~m¼mJy{bÃx}F¨m¼m{pkF~ 
AW = 0 ⇒ ∀j = {1, N} Wj = 0 ⇒ W = 0
m#{ A mJy{~xÃFmJ}y¨¹§¨m_Á
 x¡ 
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¤r~ymVzF~~kmez_~,m«kF{mJl0mJ~Q{%§¨m[lÄJl0m­#FkmVQkme#m#§k__zFk{[SFkÆ§l{}ikzzmezmeÃFF§klmJy
×~kyJÁnpFyF{}F~yz_~°zm5§D¥ d_M{F~ 
iωθW (x) +
∂F (W )
∂x
= S.
³»QË_µ
op~km º _l&k§M{F~ZzmÂ{|wxSm2¯°F§¨mJ±x~Àzy#F~Q{~x ³K¯°²°µ&mJQymy&§D¥ ~Q{}zz·{}¨_~Zc¥ k~Zm#~z®
ym#l&¹k§mÂzm º _~·{}¨_~y-zm¹Fym
§xJ§mJy
(ϕjk)1≤k≤dj
SFk0iFQkmm#§§k§¨m
(Cj)1≤j≤N
_¸
dj
}m®
ö'ö ç0Z[\]$^
ËQ  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
dymJ~_{}m
§¨mÂ~kFl&¹km
zmzm#_dyzm.§¨¹Sm#{#F{JyF~Q{¼§D¥ Fkk}@«z¨l
M{}¨_~kmJy5ÃM}¹k§mJyÆ¥ #{}M{
~y°§2m#§§k§¨m
(Cj)
Á%²¼~y5iFQkm
mJ§¨§k§mFÇc§m.il
W (x)
mdy|{-Fkk}xi&F°k~km._l-¹k~FÉ®
yF~)§¨~kdmzmJy º _~·{}¨_~y°zm¹Fym0§¨z#F§¨mdy³»F5m«zm#lk§m_§¨wx~ _l0§mJy¼zm
zmJF}0F)k§y
m
µ·Ç
ykkS_y#mdy§¨~kdmJl0mJ~Q{~zJmJ~k~Q{}mJybQkÆmJ~kFmJ~z}m#~Q{k~2mJyF#m¼~{ Pj = Pm[Cj ] 
Wj(x) ≡ W (x)|Cj =
dj∑
k=1
Wjkϕjk(x),
³»_Qµ
_¸Z§D¥ F~Zlk§¨¨{mJlm#~Q{Â_~yzJ#§¨m©JFy
zm º F~·{F~y
zm2¹Fymy}#F§F¨}mJyJÁ,ÌÆmJy
km#F}Jyzm
§¹mJ{}r§z#k«
yF~Q{
Wjk ∈ C2
Ákux_É{
ϕj
k~km º F~·{F~Qkm#§_~Qkmrzm Pj Ák¤r~l-k§¨{k§¨m³»QËFµ­
ϕj
m{b_~~Q{j#_m°yk§
#m#§§¨§¨m
Cj

∫
Cj
(iωθW (x) + [F (W (x))]x) ϕjdx =
∫
Cj
Sϕjdx
⇔ iω
∫
Cj
θW (x)ϕjdx −
∫
Cj
F (W (x))(ϕj )xdx +
F (W (xj+ 1
2
))ϕj(xj+ 1
2
) − F (W (xj− 1
2
))ϕj(xj− 1
2
) =
∫
Cj
Sϕjdx.
³¾QFµ
,_yF~y
Fj± 1
2
= F (W (xj± 1
2
))
m{
ϕ±j = ϕj(xj± 12 )
Á 'ÃFmJ©#mJy
~{}{F~yJÇV§D¥ dQM{}¨_~£³¾QFµ
km#Ãx¨mJ~Q{ 
iω
∫
Cj
θW (x)ϕjdx −
∫
Cj
F (W (x))(ϕj )xdx + Fj+ 1
2
ϕ+j − Fj− 12 ϕ
−
j =
∫
Cj
Sϕjdx.
³»Q_µ
¤r~Qym
φj = (ϕj1, ϕj2, · · · , ϕjdj )
§&¹Fym°§¨z#F§¨m°zm Pj ÁknpFyF§¨§F~y­}m#lk§F#m#y Cj Wy_~Fkk}@«z¨l
M{}¨_~
Wj ≡ Wj(x)
z#×~kÆF5³»__µ·Á¶§ÆyJ¥ F¨{lF¨~Q{}m#~F~_{bc¥ ~M|mJ{m#
Wj
~y
§D¥ JQM{}¨_~³¾_FµÁnbF{}m°k_¹k§j#lm°mJy{p§Fykm°im#ikm#
Wj ∈ Pj
{mJ§%Qkm ∀ϕj ∈ Pj 
iω
∫
Cj
θWjϕjdx −
∫
Cj
F (W (x))j(ϕj)xdx + Fj+ 1
2
ϕ+j − Fj− 1
2
ϕ−j =
∫
Cj
Sjϕjdx.
³»Hµ
­_l0lm5SFk§0l{ixkm Çk§m#§§ÆzmJy Qk«
Fj± 1
2
}m#S_ym5yk~2y}ikJl0mJ~Q{} 
Fj+ 1
2
= A
(
W+j + W
−
j+1
2
)
,
@ÃFmJ
W±j = Wj(xj± 12 ),
³¾S_µ
õ»íöÆõ÷ã
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∀ϕi ∈ Pj : iω
∫
Cj
θWjϕjdx −
∫
Cj
AWj(ϕj)xdx
+
1
2
(
AW+j + AW
−
j+1
)
ϕ+j
− 1
2
(
AW+j−1 + AW
−
j
)
ϕ−j =
∫
Cj
Sjϕjdx,
³¾__µ
F¥ mdy|{® ¦® k¨}m 
∀ϕj ∈ Pj : iω
∫
Cj
θWjϕjdx −
∫
Cj
AWj(ϕj)xdx
+
1
2
AW−j+1ϕ
+
j +
1
2
[AWjϕj ]
j+ 1
2
j− 1
2
− 1
2
AW+j−1ϕ
−
j =
∫
Cj
Sjϕjdx.
³D_µ
V~©k{§¨yF~Q{§ º F}l-k§m5c¥ ¨~Q{JFM{}¨_~F{mJy 
[AWjϕj ]
j+ 1
2
j− 1
2
=
∫
Cj
AWj(ϕj)xdx +
∫
Cj
A(Wj)xϕjdx,
_~_¹z{m#~Q{dÇ ∀ϕj ∈ Pj 
iωθj
∫
Cj
Wjϕjdx +
1
2
∫
Cj
(A(Wj)xϕj − AWj(ϕj)x) dx
+
1
2
AW−j+1ϕ
+
j −
1
2
AW+j−1ϕ
−
j =
∫
Cj
Sjϕjdx.
³Dz¿dµ
_¸
F~Â-zmpk§yykQyr_mp§mJy#F{Jy|{}Qkmdy,#§mJ{}Fl
_~k{}Qkmdy
εj
m{
µj
yF~Q{­#F~y{}F~Q{mJy
yk
Cj
Á
I " = " =  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h'Fz{[_ll0mk~y'§m­JFyzm§pl0#{ikzzmzm­ÃF_§¨klmdyÆ×~yJÇ@~kFy'z{}¨§yF~y'§mJy'{M{yFz«z¨§mdy
ykÃM~Q{}y 
W0(x 1
2
) =
(
0 z1
z−11 0
)
W1(x 1
2
) + ξ
(
1 −z1
−z−11 1
)
W  (x 1
2
),
³DFFµ
WN+1(xN+ 1
2
) =
(
−1 0
0 1
)
WN (xN+ 1
2
) + 2(ξ − 1)
(
1 0
0 0
)
W  (xN+ 1
2
),
³DË_µ
QkÆyF~Q{{mJ§¨§mJyp_m¼§mJypF~zÉ{}¨_~y§¨l¨{mJypy_~_{¹km#~2Ã_#}É×JmJyzm5l
~¨jJm º ¹k§mFÁ
ö'ö ç0Z[\]$^
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 &0*  '.&0*/	
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%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 C1  CN   '*'   */ %01  &0')0*  '  &
&+0  !&  $  
C1
 * */0 %&
(W  )−    $&1  W   ' 2&0'* 1
2
 %
(W  )+  
 $&1 
W  /'  &0 0'*  N + 1
2
*  %01  &0')0*  '   $% %'     'P&0" &   &
 $  
CN

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 9 Ó  
k  @­Ñ : 9 Ó
x = a
" V~2z{§y}~Q{-³DË_µm#{bm#~©k}zdk~Q{b_l0lm°SFk
§0l{ixkmzm5ÃF_§¨klmdye×~ky 
AW+0 = A
((
0 z1
z−11 0
)
W−1 + ξ
(
1 −z1
−z−11 1
)
(W  )−
)
=
(
−z−11 0
0 −z1
)
W−1 + ξ
(
z−11 −1
−1 z1
)
(W  )−
= −c1θ1W−1 + 2ξM+1 θ1(W  )−
= −c1Q−1 + 2ξM+1 (Q  )−.
³DMQµ
V~©}#d}¨ÃMF~_{§ º _l&k§m³Dz¿JµSF
j = 1
m#{bm#~©ym5ym#}ÃM~Q{bzm
³KQµ·ÇF~{}FkÃ_m 
iωθ1
∫
C1
W1ϕ1dx +
1
2
∫
C1
(A(W1)xϕ1 − AW1(ϕ1)x) dx
+
1
2
AW−2 ϕ
+
1 −
1
2
AW+0 ϕ
−
1 =
∫
C1
S1ϕ1dx
⇔ iωθ1
∫
C1
W1ϕ1dx +
1
2
∫
C1
(A(W1)xϕ1 − AW1(ϕ1)x) dx
+
1
2
AW−2 ϕ
+
1 −
1
2
(−c1Q−1 + 2ξM+1 (Q  )−)ϕ−1 =
∫
C1
S1ϕ1dx.
¤r~2F¹k{m#~Q{bzF~ 
∀ϕ1 ∈ P1, ßωθ1
∫
C1
W1ϕ1dx +
1
2
∫
C1
(A(W1)xϕ1 − AW1(ϕ1)x) dx
+
1
2
c1Q
−
1 ϕ
−
1 +
1
2
AW−2 ϕ
+
1
=
∫
C1
S1ϕ1dx + ξM
+
1 (Q  )−ϕ−1 .
³DFFµ
&Ñ 9 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k A@eÑ : 9 Ó
x = b
" V~©z{}¨§yF~_{³DFµm#{bm#~2~kF{}~Q{
ρN = (ξ − 1)
(
0 0
1 0
)
R̄N = RNθN =
(
0 −1
1 0
) m#{
RN =
(
0 −µ−1N
ε−1N 0
)
õ»íöÆõ÷ã
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AW−N+1 = A
((
−1 0
0 1
)
W+N + 2(ξ − 1)
(
1 0
0 0
)
(W  )+
)
=
(
0 −1
1 0
)
W+N + 2(ξ − 1)
(
0 0
−1 0
)
(W  )+
= R̄NW
+
N − 2ρN(W  )+.
³D_µ
V~
}#d}¨ÃMF~_{[m#{{}m º Fy|®¶x§ º F}l-k§m5³Kz¿dµ_k
j = N
m#{Vm#~ymbym#}ÃM~Q{,km³KFFµ·Ç_~-{}_kÃFm 
iωθN
∫
CN
WNϕNdx +
1
2
∫
CN
(A(WN )xϕN − AWN (ϕN )x) dx
− 1
2
AW+N−1ϕ
−
N +
1
2
AW−N+1ϕ
+
N =
∫
CN
SNϕNdx
⇔ iωθN
∫
CN
WNϕNdx +
1
2
∫
CN
(A(WN )xϕN − AWN (ϕN )x) dx
− 1
2
AW+N−1ϕ
−
N +
1
2
(R̄NW
+
N − 2ρN(W  )+)ϕ+N =
∫
CN
SNϕNdx.
¤r~2F¹k{m#~Q{bzF~°SF{Fk{
ϕN ∈ PN

iωθN
∫
CN
WNϕNdx +
1
2
∫
CN
(A(WN )xϕN − AWN (ϕN )x) dx
+
1
2
R̄NW
+
N ϕ
+
N −
1
2
AW+N−1ϕ
−
N =
∫
CN
SNϕNdx + ρN (W  )+ϕ+N .
³DHµ
I " = " I > Ñ @¡ Ö 
zÓ;:¾Ñ 9 ¡ 
zÓ	0:¾Õ: xÖ¾Ö 
,_yF~y
Wj = (Wj1, Wj2, · · · , Wjdj )
k~km
l
M{}m
#Flk§m«zm
zm{}F¨§§¨m
2 × dj
Á%Ì'}m#§M{}¨_~
³¾F_µ-y#¥ J#¨{
Wj = Wjφ
t
j
_¸
φj = (ϕj1, ϕj2, . . . , ϕjdj )
t Á V~;~M|md·{}F~Q{0m#{{}mÂm«zk}mJy}y¨_~È~y³Dz¿JµQk'&#{5k}JF§F¹k§m#lm#~Q{l-k§¨{k§¨Jm5pkÇzF~F¹z{}¨mJ~_{ 
∀ϕj ∈ Pj : 2iω
∫
Ci
θjWjφ
t
jϕjdx +
∫
Cj
(
AWj(φj)
t
xϕj − AWjφtj(ϕj)x
)
dx
+ AWj+1(φ
−
j+1)
tϕ+j − AWj−1(φ+j−1)tϕ−j = 2
∫
Cj
Sjφ
t
jϕjdx,
³DS_µ
¶~Q{}zzky_~yl
~Q{m#~~Q{§¨mdy~k{M{F~yykÃM~Q{mdy 
ö'ö ç0Z[\]$^
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


Φj =
∫
Cj
φtjφjdx,
Φ′j =
∫
Cj
(
φtj(φj)x − (φj)txφj
)
dx,
Φ±j = (φ
±
j )
tφ±j = φ
t
j(xj± 1
2
)φtj(xj± 1
2
),
Φj±1,j = (φ
∓
j±1)
tφ±j = φ
t
j±1(xj± 1
2
)φj(xj± 1
2
).
³D_µ
¤r~2Sm#z{bÃ_#}É×mJ_m5§¨mdymJ§{F~y¨®¶zmJy}y_yy#¥ k§¨Qkm#~Q{ 



Φtj = Φj ,
(Φ′j)
t = −Φ′j ,
(Φ±j )
t = Φ±j ,
(Φj,j±1)
t = Φj±1,j .
³KF_µ
­§mJlm#~Q{p§
l
M{}m-zm&l
Fy}ym§z#F§¨m
Φj
mdy|{°ywxl{}Qkmz×~k¨m&Qy¨{ÃFm_Ç
Φ±j
mdy|{°ywxl®
{}QkmFÇVF§¨_}yQkm
Φ′j
mJy{Â~Q{ywxl{}QkmFÁ[qªF¨~Q{}m#~F~_{dÇVm#~½k}m#~F~Q{SF
ϕj
y##mJy}yÃFmJl0mJ~Q{
{}Fz{}mJye§¨mdy º F~·{F~yezmr¹Fym
ϕjk
SFk
1 ≤ k ≤ dj
Ç__~
mJz{­}m º _l&k§m#V§mJyeJQM{}¨_~yb³DFFµÇ³Dz¿dµ
m#{-³KOHMµ_l0lm5ykÉ{ 
2iωθ1W1Φ1 + AW1(Φ
′
1)
t + AW2Φ2,1 + Z1W1Φ
−
1 = 2
(
S1Φ1 + ξM
+
1 θ1W  Φ−1
)
,
³¾¿dµ
2 ≤ j ≤ N − 1, 2iωθjWjΦj + AWj(Φ′j)t + AWj+1Φj+1,j − AWj−1Φj−1,j = 2SjΦj ,
³¾QFµ
2iωθNWNΦN + AWN (Φ
′
N )
t − AWN−1ΦN−1,N + R̄NWNΦ+N = 2
(
SNΦN + ρNW  Φ+N
)
,
³¾_Ë_µ
_¸
Z1 = c1θ1 =
(
z−11 0
0 z1
) Á
,FF¹_z{¦&k~Âywzy|{}j#lm¼§¨~kJF¨}mp¦&{­kmJyJQ{F~yr³¾k¿@µ·Çc³¾Qµ·Çxm#{°³KFËFµe~kFyeÃ_MwFF~y
QÆ¥ § º z{b_~xÃFm#{~k{}m¼¨~F~~Qmrl
M{}m#§§m
W ∈ M2,dj (C)
_k{_z{
j
kF~y
J1; NK
m#~k~
Ã_mJ{m#rzm
Cdj×2
Fgzm
C2×dj
ÁSnpFyrz{§ym#}F~yp_k°m º F¨}mFÇk~gzdz-zm&ÃFmd·{_y}M{F~%Ç
~{ ℵ ÇQkc{~y º _lm°§0l
M{}m Wj = (Wj1, Wj2, . . . , Wjdj )
m#~2k~©ÃFmd·{}m#kb#F§F~k~km
W j =
(Wj1, Wj2, . . . , Wjdj )
t ∈ C2×dj ÁFÌe¥ Fkk§JM{F~ ℵ J_~¦¼§°k}FS_y¨{F~¿#5zm§D¥ F~k~km«zm HxÁ HxÁ¿Áe§¨§m º FÉ{¨~Q{mJÃ_m#~kVk~ÂkzzÉ{­km °}F~kmd±Fm# ⊗ Ç_§¨É® lÄ#lmpm#«x§¨¨{pkF~ye#m{{mp_Qy¨{F~ÆÇ_m{Ã_#}É×m&§Fy ℵ(Wj) = W j ÁÆ²&¥ z{}m0{JÇIy}FiF~_{°Qkm&§D¥ F~)#F~yzj#}m-k~m º _l&k§{F~ª_¸ mmdy|{×k«z5SFk{}Fz{}mJy§mJyb#m#§§¨§¨mdy#Çz~k_ySFkÃ_F~yd}¨}m¼Qkm
dj = d
Ç ∀ j ∈ J1; NK Á
V~)kk§_~Q{pl
~Q{m#~~Q{ ℵ ¦
§D¥ d_M{F~;³K_µÇ~FypF¹z{}m#~k_~yFb§¨~kd}É{}-QkmÂ³¾Qµmdy|{yJmJy}y¨Ã_m#lm#~Q{JQkÃ@F§¨mJ~Q{m5¦ 
õ»íöÆõ÷ã
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2iωℵ(θjWjΦj) + ℵ(AWj(Φ′j)t) + ℵ(AWj+1Φ+j+1,j) − ℵ(AWj−1Φ−j−1,j) = 2ℵ(SjΦj) ⇔
(
2iω Φj ⊗ θj + Φ′j ⊗ A
)
W j + (Φ
+
j,j+1 ⊗ A)W j+1 − (Φ−j,j−1 ⊗ A)W j−1=2(Φj ⊗

2)Sj .
³KQµ
V~gkz#JkF~_{bzm-l0ÄJlm_kp§mJybJQM{}¨_~y³Kk¿Jµ5³KFËFµÇ_~{}FkÃ_m_m.³¾k¿@µmJy{bJQkÃM§m#~Q{m
¦ 
(
2iω Φ1 ⊗ θ1 + Φ′j ⊗ A + Φ−1 ⊗ Z1
)
W 1 + (Φ1,2 ⊗ A)W 2 = 2(Φ1 ⊗

2)Sj
+ 2ξ(Φ−1 ⊗ M+1 )θ1W  ,³K_Fµ
m#{-³¾_ËFµmJy{JQkÃ@F§¨mJ~Q{m¦ 
(2iω(ΦN ⊗ θN ) + (Φ′N ⊗ A) + (Φ+N ⊗ R̄N )
)
W N
− (ΦN,N−1 ⊗ A)W N−1 = 2(ΦN ⊗

2)SN + 2(Φ
+
N ⊗ ρN )W 
³KF_µ
k}m#lj#}mÃQmFÇc§V~Æ¥ mJy{°Fy°#Ãxzm#~Q{Qkmª³¾F_µ·Ç­³¾_Fµ¼m{Â³¾_Fµ¼Sm#}l0m#{{}m#~Q{-c¥ ¹SFz{}¨¦k~km
l
{}#m2QkrF~ymJÃ_m§Èy|{}{k}mªzm©§l{}#m2y}ymªz yikJl
)Ã_F§klmJy0×~yJÁ­m#§Èz¨{JÇ
_ _m¦5mJ{~kmJy,k}F{}Jy[_~ º #}#mdy,[§mk}zzk¨{­zm °}F~kmd±Fm#dÇd~kFyVÃFm#}}F~y,Qkm§mJyVzmJz«
l
{}#mJybS_y}yjJzmJ~_{¼m#~)mIm{°§Âl0ÄJlm0y{}·{}k}mFÁÆ­mJyrk_k}¨#{Jyry_~Q{r#~F~##mJyrk~yp§D¥ F~k~km#«xm
HzÁ HzÁ QÁnbFyz×~y}y_~y~yc§¨mdyl
M{}mdyykÃM~Q{mdy 
D =


2ω Φ1 ⊗ θ1

2d . . .

2d

2d 2ω Φ2 ⊗ θ2
Á Á Á ÁÁÁ
ÁÁÁ Á Á Á Á Á Á 
2d
2d . . .

2d 2ω ΦN ⊗ θN


, Z =


Φ−1 ⊗ Z1

2d . . .

2d

2d

2d
Á Á Á ÁÁÁ
ÁÁÁ Á Á Á 
2d
2d . . .

2d

2d


,
R =


Φ′1 ⊗ A Φ1,2 ⊗ A

2d . . .

2d
−Φ2,1 ⊗ A Φ′2 ⊗ A Φ2,3 ⊗ A
Á Á Á ÁÁÁ

2d
Á Á Á Á Á Á Á Á Á 
2dÁÁÁ Á Á Á −ΦN−1,N−2 ⊗ A Φ′N−1 ⊗ A ΦN−1,N ⊗ A
2d . . .

2d −ΦN,N−1 ⊗ A Φ′N ⊗ A + Φ+N ⊗ R̄N


.
Ì'pl
M{}m A }Jyk§¨{}F~_{,zyikJl
-³¾F_µ ®·³¾Qµ ®·³¾_Fµ'mJz{[m#~#F}m­yJ¥ d}¨}mVmJ~_my_y§ º F}l0m
A = iD + Z + R Ç#Fllmk~y§m#_yzm5§0l{}ikzzmzm5Ã_F§klmJy­×~ky#Á²¼~ym)_¼yk¨{JÇF~Ïm#«x§¨¨{mmJyÂl
M{}mJyk~y.§m)#_y.F{}#k§¨mJÂF¸ §D¥ F~Ïk}m#~ zmJy
º _~·{}¨_~yzm5¹_ym
P1
ky_~k#lF~Q{}m°§K¥ ~QÃ_m#y¹k§¨¨{5z©ywzy|{}j#lm°§¨~kJF¨}m°dy§É{~Q{JÁ
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P1
¤r~Êymk§F#m)l
~Q{mJ~~Q{©k~y§mÎ#Fy2#F~#m#{zmdy º F~{F~y2MÍ
~kmdy2lFmdz«cÇKÁ mFÁ
Pi = P1[Cj ]
Ác²¼~y¼m#_y
φj = (ϕj1, ϕj2)
ÁI,Fr§m0J§k§~xkl#}Qkm0zmJy¼zSJmJ~Q{}yp{m#}lmJy
kmª³KQµ·Ç'F~Îym
§_m.kF~y5§mÂ_~_{}m«x{m
i¹k¨{kmJ§­zmdy5#§#lmJ~_{y5×~yJÇ%¥ mJy{®¶¦M®¶zm
Qkm.§D¥ F~È}FÉ®
yF~~km&yk°k~km
mJ§¨§k§m0km&} º JmJ~m
Ĉ
Qk[mJy{°#§D¥ ¨~Q{mJÃMF§¨§m  kÇ¿
 Á%¤r~gk}m#~gyk¼#m{5#§#lmJ~_{
§mJy º _~·{}¨_~yzm
¹Fym
ϕ̂1(ξ) = 1 − ξ
m{
ϕ̂2(ξ) = ξ
Á%Ì%mJy º _~·{}¨_~y5zm
¹_ym.yk
Cj
y_~Q{-§Fy
ϕj1(x) = ϕ̂1
[
(x − xj− 1
2
)/∆xj
] m#{
ϕj2(x) = ϕ̂2
[
(x − xj− 1
2
)/∆xj
] ÁI¤r~Çk_k
1 ≤ j ≤ N 



Φj =
∫
Cj
φtjφjdx = ∆xj
∫
bC
φ̂tφ̂dx̂ =
∆xj
6
(
2 1
1 2
)
,
Φ′j =
∫
Cj
(
φtj(φj)x − (φj)txφj
)
dx = ∆xj
∫
bC
1
∆xj
(
φ̂t(φ̂)x − (φ̂)txφ̂
)
dx̂ =
(
0 1
−1 0
)
,
Φ+j = (φ
+
j )
tφ+j = φ
t
j(xj+ 1
2
)φj(xj+ 1
2
) = φ̂t(1)φ̂(1) =
(
0 0
0 1
)
,
Φ−j = (φ
−
j )
tφ−j = φ
t
j(xj− 1
2
)φj(xj− 1
2
) = φ̂t(0)φ̂(0) =
(
1 0
0 0
)
.
²&¥ Fz{}m5F{dÇzF~{}FkÃ_m°Fy}ycQkm 
∀j, 1 ≤ j ≤ N − 1, Φj,j+1 = (φ+j )tφ−j+1 =φtj(xj+ 12 )φj+1(xj+ 12 ) = φ̂
t(1)φ̂(0) =
(
0 0
1 0
)
,
∀j, 2 ≤ j ≤ N, Φj,j−1 = (φ−j )tφ+j−1 =φtj(xj− 1
2
)φj−1(xj− 1
2
) = φ̂t(0)φ̂(1) =
(
0 1
0 0
)
.
V~k×~ÆÇzyF~
l&k§É{}¨§¨m&³K_µVË5_keJÃxÉ{}m#e§mJyV{mJlmJy º }_·{}¨_~k~}mJyJÇm{­ySF~ º F}l-§¨mb~
ywzy|{}j#lm-§~k#m AW = b @Ã_mJ (A, b) ∈ M4×N(C) × C4×N Çc§Fy§Âl
{}#m A mdy|{5z×~k¨m¹k§z#yF
õ»íöÆõ÷ã
 
	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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• A1,1 =


2iω∆x1ε1 + 3z
−1
1 0 iω∆x1ε1 −3
0 2iω∆x1µ1 + 3z1 −3 iω∆x1µ1
iω∆x1ε1 3 2iω∆x1ε1 0
3 iω∆x1µ1 0 2iω∆x1µ1

 ,
• A1,2 =



2

2
0 −3
−3 0

2

 ,
• Aj,j−1 =



2
0 3
3 0
2

2

 , ∀ j ∈ J2; N − 1K,
• Ajj =


2iω∆xjεj 0 iω∆xjεj −3
0 2iω∆xjµj −3 iω∆xjµj
iω∆xjεj 3 2iω∆xjεj 0
3 iω∆xjµj 0 2iω∆xjµj

 , ∀ j ∈ J2; N − 1K,
• Aj,j+1 =



2

2
0 −3
−3 0

2

 , ∀ j ∈ J2; N − 1K,
• AN,N−1 =



2
0 3
3 0
2

2

 ,
• AN,N =


2iω∆xNεN 0 iω∆xNεN −3
0 2iω∆xNµN −3 iω∆xNµN
iω∆xNεN 3 2iω∆xNεN −3
3 iω∆xNµN 3 2iω∆xNµN

 .
­mdyl
M{}mJy_~_{b§mJylÄJl0mdy#F}_·{Jy{_mJyQkm5m#§§mJyz©y}ik#l
  Ç¦y}@ÃFF 
9 D mJy{pzFF_~§mr¹k§z#ym{pywxl{}_m°k×~km°Qy¨{ÃFm_Ç9 Z mJy{bzFF_~§mrS_y¨{ÃFmFÇ9 R mdy|{pF~Q{ywxl{}QkmFÁ¶§,mJy{°l0_~Q{}&kF~yp§._Qy¨{F~;¿@.zm0§D¥ F~k~km«zm2HxÁ HxÁ ÂQÆ¥ ~km&l
{}#m-}Jyk§É{~Q{¼km&§D¥ _y|®
ym#l&¹k§Fmzm º F~{F~y
Pm
S_y}yjdzm§l0ÄJlmby|{}{k}mFÁ_,FkeFz{}F~Q{JÇ§D¥ ~xÃFmJ}y¨¹¨§É{}~kmpym#°Fy
º _}##lm#~Q{Fy}yk}#m_ÁQnpJF~klF~y#Çx~k_y§§¨_~y­ÃFFk~y#m¼QkcykÉ{Qkm°_k~k{}m º F}l-k§M{}¨_~
Æ¥ _}z}m0¿FÇz§D¥ ~xÃFm#y¨¹k§É{}°km5§0l
M{}m°mJy{bÃFJ¨×JmFÁ
ö'ö ç0Z[\]$^
Q  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
I " = " W J Ód     A@ MÑ  Ö(BQ¡   :¾dÕ QÓ
npFyV#F~y{}{_~ylF§¨im#k}m#ym#lmJ~_{VQkm ∀j ∈ J1; N−1K §¼l
M{}m Aj(j+1) ~%¥ mdy|{[_y,¨~xÃFmJ®y¹k§¨m_Áp¨~yDÇF§~Æ¥ mJy{e_y[Qyy¹k§¨mbkmbmJk}xkk¨}mm«k_·{mJlm#~Q{V§5k#lF~y{M{}¨_~
zmb§D¥ ~xÃFm#y¨¹k§É{}
km§ªl
M{}mFy}yz#¨Jm¦ª§ªl#{ikzzm©zmÃFF§klmJy-×~kyJÁ e~Z}m#ÃM~ikmFÇ'~kFyF§¨§F~y º }mÂk~km
k#lF~y{M{}¨_~yl0§m.z_~Q{-§K¥ z#m.ym#©zm
Sm#}#{kmJ-k~kmÂmJ§{F~Îzm
}J}m#~#m~kF~Îk§y
m#§§k§¨ml
y-F0km#F}Âzm§¨¹Sm#{_Á,npFy0_~yzJ_~y-Qkm
W = (W t1 , W
t
2 , . . . , W
t
N )
t _¸
SF
j ∈ J1; NK W tj = (W 1j , W 2j )t
@ÃFmd
W 1,2j ∈ C2
Á
  x¡;¡  T  &1 &('  $ A 	 .*')"&0 A = iD + Z + R   $&0 & % %' &*    %12&  &0  '*"'  $0*'*   *%01  &(')*
P1
  '*  %$'   
 x   Åq©_~Q{}F~yF}J#k}mJ~myk
j
SF
j ∈ J1, N−1K Qkmy AW = 0 SFk W ∈ C4×NF§¨_}y
Wj = Wj+1 = 0
Á
¿FÁ,Fk§m5k}m#l¨mJ}F~kzm5§0}J#k}m#~mFÇx~k_y@ÃF_~y 
AW = 0 ⇒ W ∗AW = 0 ⇒ W ∗(iD+Z+R)W = 0 ⇒ W ∗(iD+R)W +W ∗ZW = 0.
Ì%Îl
{}#m Z mJy{im#}l0¨{m#~~kmgz_~ W ∗ZW ∈ R Á²&¥ Fz{}mªF{dÇe}m#k}m#~~Q{.§¨mdyÂF®FklmJ~_{ybzm§
zJl0_~y{M{F~}J§yJm¼SF§l{}ikzzm-zm5Ã_F§klmJy×~kyJÇ
(iD + R) mJy{~Q{ikmJl¨{m#~k~km5m#{pzF~
W ∗(iD + R)W ∈ iR ÁS­mdÆmJ~Q{ ÷~km5zF~5Qkm <(W ∗AW ) =
W ∗ZW m{ =(W ∗AW ) = W ∗(iD + R)W ÁV~_~ydQkm#~#mFÇ
WAW = 0 ⇒ W ∗ZW = W ∗(iD + R)W = 0 Ápux_~´yJ¥ ~Q{#®mdyym¼k§¨y{§¨j#}m#lm#~Q{¦
W ∗ZW Çz~k_yF¹k{m#~F~ymJ~zJÃFmJ§¨_k~Q{Qkm W ∗ZW =
W ∗1 Z11W1 = W ∗1 (Φ−1 ⊗ Z1)W1 = 0
Ák²rm5§¦0_~Â{}¨}m
W 11 = 0
Á
qª~Q{mJ~~Q{JÇz~Fy@Ã_F~yyy 
AW = 0 ⇒ ∀ j ∈ J1; NK , (AW )j = 0
³»m#{bm#~2F{}#k§¨m#SFk
j = 1
µ
⇒ A11W1 + A12W2 = 0
⇒ A11(0, (W 21 )t)t + A12W2 = 0
⇒



(
iω∆x1ε1 −3
−3 iω∆x1µ1
)
W 21 = 0
(
iω∆x1ε1 0
0 iω∆x1µ1
)
W 21 +
(
0 −3
−3 0
)
W 12 = 0.
nbF{F~y
C =
(
iω∆x1ε1 −3
−3 iω∆x1µ1
) Ákeky}Qkm
det C = −(ω
2∆x21
c21
+ 9) < 0
Çz§Fy
C
mJy{
¨~xÃ_m#y¹k§m-y'¹km#~gQkm
W 21 = 0
ÁI­Fl&¹k~~Q{p§m º FÉ{°_m
W 21 = 0
m{¼§K¥ k{}m#Q§É{}FÇF§¨_}y
¨§%mJy{b#Ãxkm#~Q{b_m
W 12 = 0
Á
nb_yb@ÃF_~yzF~°l_~_{}°Qkm AW = 0 ⇒ W1 = 0 m#{ W 12 = 0
Á
õ»íöÆõ÷ã
 
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 ¿
zÁbuxkkS_yF~yVl
~Q{m#~~Q{Qkmb§}m#§M{}¨_~mJy{­ÃFJ¨×Jmp
~k
j
Çx¥ mJy{®¶¦M®¶zmbQkm
Wj−1 = 0_k
j ∈ J2, N−1K m{eQkm W 1j = 0
ÁnpFyezm#Ã_F~ylF~Q{}m#[Qkm
Wj = 0
m{eQkm
W 1j+1 = 0
Á
qªy5Ãx;Qkm
W 1j = 0
Ç%§Fy°§ º k{b|y{m.k}FÃFm#5Qkm
W 2j = 0
m{
W 1j+1 = 0
y}FiF~_{
Qkm 
AW = 0 ⇒ ∀ j ∈ J1, NK , (AW )j = 0
³»m{bmJ~2{k§m#SFk
j ∈ J2, N − 1K µ
⇒ Aj(j−1)Wj−1 + AjjWj + Aj(j+1)Wj+1 = 0
⇒ Ajj(0, (W 2j )t)t + Aj(j+1)Wj+1 = 0
⇒



(
2iω∆xjεj −3
−3 2iω∆xjµj
)
W 2j = 0
(
iω∆xjεj 0
0 iω∆xjµj
)
W 2j +
(
0 −3
−3 0
)
W 1j+1 = 0.
%Ã_mJ&m&ywzy|{}j#lm&Æ¥ J_§¨{JyJÇ_~ª}m#k}m#~g¦.§
§¨m#{{}m0§¨m0ikm#l~km#lmJ~_{°zÀ¿_ÁSFp{}_kÃFmJ
×~F§ÆQkm
Wj = 0
m#{p_m
W 1j+1 = 0
Á
ËkÁ ¶§%~km5}mJy{m°k§yr_%¥ ¦0lF~Q{}m#bQkm
W 2N = 0
y}FiF~_{bQkm5SFk
j ∈ J1, N − 1K Wj = 0
m{
Qkm
W 1N = 0
Á V~2zJÃFm#§F~Q{§zmJ~kj#}mp§F~km5z2ywzy{jJl0m°m#{mJ~Â{}m#~F~Q{#Flz{}m¼zm5#mJy
MÍ
}l{F~yJÇzF~{}FÃFm 
AW = 0 ⇒



(
iω∆xNεN −3
−3 iω∆xNµN
)
W 2N = 0,
(
2iω∆xNεN −3
3 2iω∆xNµN
)
W 2N = 0.
³KOHµ
¤r~©¹SFz{}É{b_ll0m5dJkm#llm#~Q{b¦
W 2N = 0
Á
   3(5' !*	 589:   
,FbzmJybyFyc¥ lk§#lm#~Q{}{F~ÆÇ~kFyyFi¨{_~y­{¨{m#bkm º _~_{§0dy_§¨z{}¨_~k2ywzy|®
{}j#lm.mJ~;ilÎzSF{.m#{-m#~ÎiFl0È{}{§VmJ~Î¨~Q{}zzkyF~Q{§¨m.lj{}m
ξ
QkeSm#}lm{&zm
ky{~kFm#%~-#F§#k§FmJ~ilzSF{p³
ξ = 0
µÆc¥ ~-#F§#k§FmJ~-il°{}{}F§³
ξ = 1
µ·ÁdbmJ§¨_~y
Qkm 



W = W 
  + ξW  ,
W ≡ W 
  y ξ = 0,
W ≡ W  y ξ = 1.
ux%F~~k{}m 
ö'ö ç0Z[\]$^
x  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
{
ε(x) = ε0εr(x),
µ(x) = µ0µr(x),
_¸
ε0
m#{
µ0)
zdyF~kmJ~Q{-mdySmJ{ÃFmJl0mJ~Q{&§©mJl¨{{}¨Ãx¨{m{§©Sm#}lJF¹k¨§¨{kÀÃxkm§Fy5_~
Sm#k{pFzlm#~y¨_~k~kmJ§¨m5ywxy{jJlm³DFµ_ _m°2i~k_m#lm#~Q{bzm°ÃM}F¹k§mJyyk¨ÃMF~_{



Ẽ =
E
z0H0
,
H̃ =
H
H0
,
ω̃ =
ω
c0
,
_¸
z0
mJy{&§D¥ ldk~mÂzÀÃQzmg³Kc¥ k~kmlF~kj#}m
F#~#§m
F~Î~kF{m#2F
z
§D¥ ¨lSJkF~mÂÆ¥ k~
l§¨m#©QkmJ§#F~Qkm
z =
√
µ
ε
µÁ¶§ º z{pFy}yclzz¨×m#§mJyb#F~kÉ{}¨_~yz«¹_}ky 
9Ïy§ $ *'%12% &0 ')#%
Γm
ÇF~2 
n × E  = 0 ⇔ n × (E + (1 − ξ)E  ) = 0
⇔ n × E = (ξ − 1)n × E 
⇔ n × (z0H0Ẽ) = (ξ − 1)n × (z0H0Ẽ  ).
9Ïy§ $ *'%& 0$&* 
Γa
Çk_~ 
n × E 
 + zn× (n × H 
 ) = 0
⇔ n × (E − ξE  ) + zn × (n × (H − ξH  )) = 0
⇔ n × E + zn × (n × H) = ξ(n × E  + zn × (n × H  ))
⇔ n × Ẽ + zrn × (n × H̃) = ξ(n × Ẽ  + zrn × (n × H̃  )).,F&§§#FmJ§mJy~{}{F~yJÇÆ_~;¹F~zF~~km
§¨mdy-ywxl-¹SF§mJy
˜
m{-_~ º ¨{&§mJy-yk¹y{¨{k{F~y
εr → ε
Ç
µr → µ
Ç
cr → c
m#{
zr → z
Çk#m_ÆzF~k~m°×~§m#lmJ~_{bFkjdyylk§É×JM{}¨_~



n × E = (ξ − 1)n × E  yk Γm,
n × E + zn × (n × H) = ξ(n × E  + zn × (n × H  )) yk Γa.
³K+S_µ
[bF¨§§m#ky#ÇkycSFk
l ∈ (x, y, z) _~~{m Fl(W ) = GlW @ÃFmd 
Gl =
( 
3 Nl
−Nl

3
)
,
õ»íöÆõ÷ã
 
		 !"$#%&(')*"	+" &,-./&0120*')#% QË
F§¨_}y§m5ywzy{j#lmzmdyJQ{F~yzm5qª«z¬­mJ§¨§ciFl_~kQkmdyy#¥ J#¨{
iωθW +
k¨Ã
F (W ) + KW = S,
³¾FQµ
_¹¨mJ~mJ~_m 
iωθW + Gx∂xW + Gy∂yW + Gz∂zW + KW = S.
³H_µ
_¸
W =
(
E
H
) m{
θ =
(
ε

3

3
3 µ

3
)
¤r~©ykkS_ym#&§
yk¨{mQkm
σ = 0
mQk%#F~zÉ{p¦
K = 0
ÁbFkSm#§F~yFyyÆQkmyÆF~
}JyFk{§mJy,d_M{F~y'mJ~
il{}{§z§mbymdF~lm#l&¹km
S
mJy{[~xk§%³»§zmJy{V#Q§z¦
(

6−G0)pW
¨~
SFpk~ªJ§k§'m#~giFlªzIF·{}dµÁ,Fkr§.kymm#~ª#Flz{m0zmJyr_~z¨{F~yrz«§¨lÉ{}mJyJÇ_~
zjdzmÂ#Fllm.m#~ ¿d² F¥ mdy|{® ¦® z}mQkm§K¥ F~;_yyzm.¦
Γh
k~kmÂ{¨{F~ Ib ⊂ N kmÂmJ§¨§k§mJy×S·{ÃFmdy#Á­¤r~ ykkS_ym©_m©§¨mdylj{}mdy
ε
m{
µ
y_~Q{
#F~y{}F~Q{}yF.m#§§k§¨m
ε|Cj = εj
m{
µ|Cj = µj
Á
 '     )"
*+#  
²¼~y&m#{{mymd·{}¨_~ÆÇ%_~;zJ#¨{-m#~;k{}F¨§§©l{ixkmÂzm.Ã_F§klmJy5×~ky-¨~Q{}zzk¨{mk~y-§
ymJ{F~;zÁ Á¿Á'_kk~m º F~{F~ÎÃ_mJ·{}F}¨mJ§¨§m
W
Ç%~k_y5~kF{m#}F~y
W j
y}2ÃM§m#k-l0Mw_m#~k~myk
Cj
ÇF¥ mdy|{® ¦® k¨}m 
W j =
1
Vj
∫
Cj
W dx.
V~©~Q{JF~Q{§D¥ JQM{}¨_~³KFFµykk~mm#§§k§¨m
Cj
Çk_~_¹z{m#~Q{
iωVjθjW j +
∫
Cj
k¨Ã
F (W )dx = VjSj .
¯¼ F#m°FÂ{}ik#_jJlm°km-uQ{_±FmJy 
iωVjθjW j +
∫
Cj
F (W ).nds = VjSj
⇔ iωVjθjW j +
∑
k∈Vj
∫
Σjk
F (W ).njkds = VjSj ,
Qkcmdy|{bdQk¨ÃMF§¨mJ~_{bF2ywzy|{}j#lm 



iωVjεjEj +
∑
k∈Vj
∫
Σij
NjkHds = −VjSj ,
iωVjµjHj −
∑
k∈Vj
∫
Σjk
NjkEds = 0.
³ Hx¿dµ
ö'ö ç0Z[\]$^
_  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
_¸
Njk =
3∑
i=1
nxljkNl
mdy|{5¹_yyzmJy°~k_l
F§¨mdyr~kÉ{mdy#Á%¤r~¨~Q{}zzk¨{§mJy Qz«~Ql0JQkmJy
ykÃM~Q{}y 



ΦH,jk ≡ ΦH(Hj , Hk, njk) ≈
∫
Σij
NijHds,
ΦE,jk ≡ ΦE(Ej , Ek, njk) ≈
∫
Σjk
NjkEds,
³ HFµ
m#{
Φjk = (ΦH,jk ,−ΦE,jk)t
Áp¨~yDÇ%³Hz¿Jµy#¥ J#¨{by}y 
iωVjθjW j +
∑
k∈Vj
Φjk = VjSj .
³ HMË_µ
Ì%mJy Qz«~xkl#}Qkmdy5³HFµy_~_{bJ§k§Jyzm5l
F~k¨jJm°mJ~Q{}#m  Ë_Ë
 



ΦH,jk =
Sjk
2
[NjkHj + NjkHk] ,
ΦE,jk =
Sjk
2
[NjkEj + NjkEk] .
³ H@Qµ
¤r~2~_{}zzÉ{
M jjk = Mjkθ
−1
j
@ÃFmd
Mjk =
( 
3 Njk
−Njk

3
) Á
V~ÎF~k~km«zmHxÁßzÇc_~glF~Q{}mk~Èm#{}F¨~)~kFl&¹k}mkm0_k{}Jy¼Fy}ym  0yl0§¨mdy°mJ§{ÃFmJy°¦§
l
{}#m
Njk
Á¶§ÆmJ~kJ_k§m¼¹¨mJ~mJ~Q{m#~z©m#{}F¨~mJyk}Fk}{dy_k
M iij

• M jkj = Mkjθ−1j = −Mjkθ−1j = −M
j
jk
Á
•
∑
k∈Vj
SjkM
j
jk = (
∑
k∈Vj
SjkMjk)θ
−1
j = 0
Á
V~k×~ÆÇk_~z#×~k¨{SF
j ∈ Ia
ÇQ§&l{}#m¼Æ¥ ldk~#m
Zj = cjθj =
(
z−1j

3

3
3 zj

3
) Áz,Fk
}m#Ã_m#~k¦0~k{}m5y}ik#l
kÇz~FyzmJÃF_~yzF~°#{k¨mJ
iωVjθjW j +
∑
k∈Vj
SjkF jk = VjSj ,
³ HFµ
@Ã_mJ
F jk = Mjk
(
W j + W k
2
) ÇkSFk
j ∈ I m#{ k ∈ Vj Çky}Fi~Q{b_m Φjk = SjkF jk Á
T " 6 " 6  
:¾Ó x¡  9 Ó  xÕFÑ 9  :»Ó;:¾Ñ 9  
k  M½Ö(:¾¡ :¾Ó x
Ì'.z#l
F}ikm-mJy{ry|{}·{}m#lm#~Q{pzmJ~_{}Qkm0¦.mJ§¨§m-ykÃQm-kF~yb§m&JFy-¿J²&Á²¼~yp§
lmdyk}m_¸
§mJymJ§¨§k§mJy
(Cj)i∈Ib
yF~Q{e×{ÃFmdy#ÇQ~kFyezm#~Q{}É×mJ_~y­§¨mJk}y­F}Fl0j#{}mJy­¦-mJz«.zm¼§¨mJk}ymJ§¨§k§mJy
Ã_Fy~kmdyJm#§§¨mdy#ÇVyb¹km#~ÏQkm©SFk
k ∈ Vmj ∪ Vaj
Ç
(εk, µk) = (ε|Σij , µ|Σij ) = (εj , µj)
Ç­Æ¥ _¸
õ»íöÆõ÷ã
 
	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 !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 x
Mkjk = M
j
jk
Á ¶§[~kFy º Fz{5#Q§m#lm#~Q{¼k×~k°§¨mdy°{M{}yr×{ º y
W k
zm
yF{m&Qkm0§mJy5_~z¨{F~y
§l0¨{mdybyFm#~Q{mdySmJ{#mdy º ¹k§¨mJlm#~Q{JÁ e~©{k§m#dÇxyÆ~k_yk}m#~k_~y 
∀ (j, k) ∈ I × Vaj : W k =
( 
3 zjNjk
−z−1j Njk

3
)
W j + ξ
( 
3 −zjNjk
z−1j Njk

3
)
W  , ³ HM_µ
∀ (j, k) ∈ I × Vmj : W k =
(
−  3

3
3

3
)
W j + 2(ξ − 1)
( 
3

3
3

3
)
W  , ³ H+Hµ
F§¨_}y§m5il W j + W k
2
≈ W|Σjk
y}M{y º m# º F¨¹k§m#lmJ~_{b§mJy#F~kÉ{}¨_~y§¨lÉ{}mJyJÁ
­_l0lmk~y-§¨m#_y
¿J²7³»Ã_F-§ªymd·{}¨_~;ËkÁ¿FÁßµ·Ç§ªkym.m#~À#Flz{}mÂzmÂ§ª#F~z¨{F~;Fz«
§l0¨{mdy¨lS_y#m°yk§ º }F~Q{j#}mrF¹yF}¹~Q{mp~kJ#mJy}y¨{m¼§0z_F~F§¨y{F~
zm°§l
M{}m°zm Qz«
_yyz#m¦¼§ º _lmb#F~ym#}ÃMM{ÃFmz
ywzy|{}j#lmbc¥ JQM{}¨_~y[zmpqgM«z¬­mJ§¨§Æ³¾QµÁ_²¼~y[§mb#_y[k}Jym#~Q{JÇ
§,y#¥ _É{rkm-§
l
M{}m
M jjk = Mjkθ
−1
j
ÁIÌ%.z_F~F§¨y}M{F~©zm0m#{{m&l
M{}mmdy|{°zJ#¨{m-~y
§D¥ ~k~km#«zmHzÁ ËkÁ
¤r~2z{}¨§ym°§¨mdyb_~z¨{F~yJ~kF~#mdym#~2~k~m«zm"HxÁ 0dQk¨ÃMF§¨mJ~_{}mJyFz«_~z¨{F~y§l0¨{mdy#Á
> MÑ 9 Ó;:)BQ 
  dÑ  
 9 Ó x  ∀ (j, k) ∈ I × Vaj :
(M jjk)
−θj
W j + W k
2
=
1
2
(M jjk)
−
(
εj 0
0 µj
)( 
3 z
−1
j Njk
−zjNjk

3
)
W j
+
ξ
2
(M jjk)
−
(
εj 0
0 µj
)( 
3 −zjNjk
z−1j Njk

3
)
W 
=
cj
4
(
N2jk z
−1
j Njk
−zjNjk N2jk
)


εj
Njk
cj
−Njk
cj
µj

W j
+ ξ
cj
4
(
N2jk z
−1
j Njk
−zjNjk N2jk
)


εj −
Njk
cj
Njk
cj
µj

W 
= ξ
cj
2


N2jkεj
Njk
cj
−Njk
cj
N2jkµj

W  = ξ(M ijk)−θjW  .
> MÑ 9 Ó;:)BQ¡;QÓ 
kÖ¾Ö(: L   Q  ∀ (j, k) ∈ I × Vmj
@ÃFmd
Υjk =
(
−Njk

3
3

3
)
:
ö'ö ç0Z[\]$^
Q  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
Υjk
W j + W k
2
= Υjk
( 
3

3
3

3
)
W j + (1 − ξ)Υjk
(
−  3

3
3

3
)
W 
=
(
−Njk

3
3

3
)( 
3

3
3

3
)
W j
+ (1 − ξ)
(
−Njk

3
3

3
)(
−  3

3
3

3
)
W 
= (1 − ξ)
(
Njk

3
3

3
)
W  = (ξ − 1)ΥjkW  .
npFy_¹z{mJ~kF~ybzmJybdyk§¨{}{}yQkF~k×lmJ~_{bQkm#mJyb#F~z¨{F~yby_~Q{bÃF#}¨×#mdy º ¹k§¨mJlm#~Q{JÁ
¤r~Sm#z{bl
~Q{mJ~~Q{p#F§#k§m#§¨mRQz«_}mJySF~kF~Q{¦i__m°#F~kÉ{}¨_~Fz«Â§¨l¨{mJyJÁ
> ÖK UM 
k  M  MÑ 9 Ó;:)BQ 
  dÑ  
 9 Ó x  ∀ (j, k) ∈ I × Vaj :
F jk =
1
2
(MjkW j + MjkW k) =
1
2
Mjk(W j + W k)
=
1
2
Mjk
[( 
3 zjNjk
−z−1j Njk

3
)
W j + ξ
( 
3 −zjNjk
z−1j Njk

3
)
W 
]
=
1
2
[(−z−1j N2jk Njk
−Njk −zjN2jk
)
W j + ξ
(
z−1j N
2
jk Njk
−Njk zjN2jk
)
W 
]
=
cj
2
[( −εjN2jk z−1j µjNjk
−zjεjNjk −µjN2jk
)
W j + ξ
(
εjN
2
jk z
−1
j µjNjk
−zjεjNjk µjN2jk
)
W 
]
= (M jjk)
+θjW j + ξ(M
j
jk)
−θjW  .
­_l0lmSFb§¨mRQz«2F¹yF}¹~Q{lF~kzzlm#~y¨_~k~kmJ§KÇk~{}my}ik#l

¦ Qz«2mJ~_{}dyl-~k'zm
§5_~z¨{F~ª³ HMFµ[ymblj#~mb¦5k~.y}ik#l
5¦ Qz«
zdm#~Q{}pkm{|wxmrux{m#_m#Vm#{ È}l0~k  ËOH 
 Á_Ì%mJy
m#«zkmdyyF~yzmdyl{}#mJy
(M jjk)
+ m{ (M jjk)−
y_~_{kSm#§#mdym#~©~k~m«zm"HxÁ ËzÁ
> ÖK UM 
k  M  MÑ 9 Ó;:)BQ
¡À_Ó 
kÖ¾Ö(: L   x  ∀ (j, k) ∈ I × Vmj :
õ»íöÆõ÷ã
 
		 !"$#%&(')*"	+" &,-.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 H
F jk =
1
2
(MjkW j + MjkW k) =
1
2
Mjk(W j + W k)
=
1
2
Mjk
[
2
( 
3

3
3

3
)
W j + 2(1 − ξ)
(
−  3

3
3

3
)
W 
]
=
( 
3 Njk
−Njk

3
)( 
3

3
3

3
)
W j + (1 − ξ)
( 
3 Njk
−Njk

3
)(
−  3

3
3

3
)
W 
=
( 
3 Njk
3

3
)
W j + (1 − ξ)
( 
3

3
Njk

3
)
W  .
[b#F~yJQkmJ~Q{JÇkycF~2Qym
Qmjk =
( 
3 Njk
3

3
) ÇF§¨_}y 
∀ (j, k) ∈ I × Vaj : F ajk = (M jjk)+θjW j + ξ(M
j
jk)
−θjW  ,
∀ (j, k) ∈ I × Vmj : F mjk = QmjkW j + (ξ − 1)(Qmjk)tW  .
³ H0S_µ
y}Fi~Q{Qkm
Qmjk
mdy|{pF~_{}É®¶ywQl#{}Qkm_Á
T " 6 " = > Ñ @¡ Ö 
zÓ;:¾Ñ 9 ¡ 
zÓ	0:¾Õ: xÖ¾Ö 
qªF¨~Q{}m#~F~_{0_mÂ~k_y-@Ã_F~y5m#«zkl.§mQz«ÎJ§¨Jl0mJ~Q{}}mÂFy}yz#¨.¦)iFQkm{|wxSmzm º Fm
kl
F¨§§FFm Th ÇÆ~kFy§§¨_~y°m#~Èd}¨}m§¨m
¹k§~Îzm.l
~¨jJm
¦ º F}l-k§m#5~;ywzy{j#lml
M{}m#§yl0§m°¦&#m#§kcQkm°~kFy@ÃxF~ye{}FkÃ_¼~y§m°JFz}mpl_~kzz¨lmJ~yF~~km#§DÁxV§¨yk}Jy#lm#~Q{JÇ
SFk~kmmJ§¨§k§m {Cj}j∈I ÇF~F¹z{}¨mJ~_{
∑
k∈Vj
SjkF jk =
∑
k∈Vd
j
SjkF jk +
∑
k∈Vm
j
SjkF
m
jk +
∑
k∈Va
j
SjkF
a
jk
=
1
2
∑
k∈Vd
j
Sjk(M
j
jkW j + M
k
jkW k)
+
∑
k∈Vm
j
Sjk
(
QmjkW j + (ξ − 1)(Qmjk)tW 
)
+
∑
k∈Va
j
Sjk
(
(M jjk)
+θjW j + ξ(M
j
jk)
−θjW 
)
­_l0lm-~yp§¨m0#Fy¿J²&Ç§mJyb{m#}lmJyr_#F~Q{m#~k~m#~Q{p§m-il©~zmJ~_{°ymJ_~Q{pFy}yl¨§Jyb¦
kmJyr{mJlmJy5yF}#mJyJÁSnpFy°SFkÃ_F~y°z_~&§¨mdy°mJF}FkSm#¼m#~k~ÈymJk§[m{5lÄ#lm0{mJlm
Qkm&~Fy
~{mJ_~yzm5§ º  _~ykÃ@F~Q{m 
ö'ö ç0Z[\]$^
OS  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
γ j =

ξ
∑
k∈Va
j
Sjk(M
j
jk)
−θj + (ξ − 1)
∑
k∈Vm
j
Sjk(Q
m
jk)
t

W  .
¤r~2F¹k{m#~Q{b§Fy 
∑
k∈Vj
SjkF jk =
1
2
∑
k∈Vd
j
SjkMjkW j +
∑
k∈Vm
j
SjkQ
m
jkW j
+
∑
k∈Va
j
Sjk(M
j
jk)
+θjW j +
1
2
∑
k∈Vd
j
SjkMjkW k + γ j
#m5_Æ~kFyF~zk¨{p¦ 
∑
k∈Vj
SjkF jk =
1
2

∑
k∈Vd
j
SjkMjk +
∑
k∈Vm
j
2SjkQ
m
jk +
∑
k∈Va
j
2Sjk(M
j
jk)
+θj

W j
+
1
2
∑
k∈Vdj
SjkMjkW k + γ j .
³ HM_µ
Ì'0km#z«zj#lmFy}ymJ{}¨_~zm5§0k}FS_yÉ{}¨_~zm5§D¥ F~k~km«zm"HxÁß0zF~~km 
∑
k∈Vj
SjkMjk = 0 ⇒
∑
k∈Vdj
SjkMjk +
∑
k∈Vm
j
SjkMjk +
∑
k∈Va
j
SjkMjk = 0
⇒
∑
k∈Vd
j
SjkMjk = −
∑
k∈Vm
j
SjkMjk −
∑
k∈Va
j
SjkMjk.
³(SF_µ
V~©~M|md·{}F~Q{5³(SFQµk~y5³ HMFµÇk~k_y{}FkÃ_F~y 
∑
k∈Vj
SjkF jk =
1
2

 ∑
k∈Vm
j
Sjk(2Q
m
jk − Mjk) +
∑
k∈Va
j
Sjk(2(M
j
jk)
+θj − Mjk)

W j
+
1
2
∑
k∈Vd
j
SjkMjkW k + γ j ,
¤rbzmdy#F§#k§yyl0§¨mdybzF~~km#~Q{
2Qmjk − Mjk =
( 
3 Njk
Njk

3
)
,
2(M jjk)
+θj − Mjk =
(−z−1j N2jk

3
3 −zjN2jk
)
.
õ»íöÆõ÷ã
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P mjk =
( 
3 Njk
Njk

3
) m{
P ajk =
(−z−1j N2jk

3
3 −zjN2jk
) Çk§Fy 
∑
k∈Vj
SjkF jk =
1
2


∑
k∈Vm
j
SjkP
m
jk +
∑
k∈Va
j
SjkP
a
jk

W j +
1
2
∑
k∈Vd
j
SjkMjkW k + γ j . ³(Sk¿dµ
Ì'0km#}~k¨jJm°#{}Sm_~yy{m5¦0¨~|mJ·{}m#³(Sk¿dµ~y5³ HµÁS¤r~_¹z{m#~Q{ 
iωVjW j +
1
2

 ∑
k∈Vm
j
SjkP
m
jk +
∑
k∈Va
j
SjkP
a
jk

W j +
1
2
∑
k∈Vd
j
SjkMjkW k + γ j = VjSj ,
SFb¹SFz{}¨bFy}ik#l
yk¨ÃMF~_{kSF{Fk{
j ∈ I 

2iωVjθj +
∑
k∈Vm
j
SjkP
m
jk +
∑
k∈Va
j
SjkP
a
jk

W j +
∑
k∈Vd
j
SjkMjkW k = 2(VjSj − γ j ). ³(S_Fµ
¶§Sy#¥ _É{[l
~Q{m#~~Q{ec¥ J}mk~km º _l&k§M{F~0l
M{}m#§§¨mbk.yikJl
0³(S_µÁx­m º Fy}~Q{JÇM~Fy
Ã_Fk§F~ylF~Q{}m#¼_m-§
l
M{}m_§¨_¹§m-zgywzy|{}j#lmS_y}yjdzmk~m0y{}·{}k}mkm#~Q{Qkm&¦.#m#§§¨m
kJFy¿J²&Á'¤r~ÈzJy¨_~km
b ∈ C6×N §m
ymd_~ªlm#l&¹k}m0m#{ A ∈ M6×N (C) §l
M{}m_§¨_¹§m¼dyk§¨{}F~Q{km5§K¥ Fy}ymJl-¹k§_mrz©y}ik#l
2³)SQµ·Á
,F
W ∈ C6×N Çc_~g{}_kÃFm0F F#m0F)¹¨§~ÈzmJy Qz«gSFk5§2m#§§k§¨m Cj Qkmª³(S_µ¼yJ¥ d}É{yFy§ º F}lm
(AW )j = bj
@Ã_mJ A = iD + Z + R m{ 



(DW )j = 2ωVjθjW j ,
(ZW )j =
∑
k∈Va
j
SjkP
a
jkW j ,
(RW )j =
∑
k∈Vm
j
SjkP
m
jkW j +
∑
k∈Vd
j
SjkMjkW k,
bj = 2(VjSj − γ  ).
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³¾µ D mJy{#§F¨}m#lm#~Q{Âz_F~F§¨m©Â¹§¨z#yJÇ­@Ã_mJ Djj = 2ωVjθj _rmdy|{ywxl{}_mgz×~k¨mS_y¨{ÃFmFÁ¤r~2zF~5_m D mdy|{pywxl0#{}Qkm5z#×~km5Qy¨{ÃFm_Á
³¾¨÷µ Z mJy{yyrz_F~F§¨m©Â¹§¨z#ym{ Zjj =
∑
k∈Va
j
SjkP
a
jk
Á²pm)k§y#Ç
P ajk
mJy{ywxl{}_m
S_y¨{ÃFm.³»Ã_Fbk}FS_yÉ{}¨_~È¿JËFµÁS²rF~ ∑
j∈Va
j
SjkP
a
jk
mdy|{¼ywxl{}Qkm5Qy¨{ÃFm_ÁI¤r~2m#~ªkJzk¨{¼Qkm
Z mdy|{pywxl0#{}Qkm°m#{bQy¨{ÃFm_Á³¾¨÷µ²-¥ k}jJyyF~2zJÃFm#§FmJl0mJ~Q{ 
∀ j ∈ I , Rjj =
∑
k∈Vm
j
SjkP
m
jk
m#{ Rjk =
{
SjkMjk
SFk
k ∈ Vdj ,
0
SFk
k ∈ I\({j} ∪ Vdj ).
npFyV@Ã_F~y,_kÃFm#~k}FS_y¨{F~¿JË°zmb§D¥ F~k~km#«xm HzÁ 5Qkm
P mjk
m#{
Mjk
yF~Q{VmdySmJ{ÃFmJl0mJ~Q{
F~Q{ywxl{}Qkmrm#{pywxl{}QkmFÇz_~mJ~©zJzÉ{pQkm 
∀ j ∈ I , Rjj
mJy{p~Q{ywxl{}Qkm°m{ ∀ (j, k) ∈ I2 , j 6= k , Rjk mJy{pywxl{}Qkm
²&¥ Fz{}mp{JÇQ~kFy­@ÃF_~yVyyQkm Rji = −Rjk kkyQkm Mji = −Mjk Ák¤r~.mJy{­mJ~.lmJyk}mÆ¥ Fkk§QkmJe§k}FS_yÉ{}¨_~2¿F¿pzmr§K¥ ~~km«zmRHzÁ kÇ_m#{z_~pzm¼_~§k}mpQkm R mdy|{~Q{ywxl{}QkmFÁ
V~gdykl_Ç~k_yp@Ã_F~y~km-l
M{}m@wQ~Q{bk~km0y|{}·{mzmJ~_{}Qkm&¦
§.l{}#mF¹k{m#~xkm
mJ~)¿d²-Á
T " 6 " I J Ód     ©Ö 
  :K@ M;:¾Ñ 9 9  ¡;0: L   
²¼~y'mVFikmFÇ·~k_y%F§¨§F~yc{}zm#%§bzymJ}y¨_~5~xkl#}QkmVzm­~k{}mVy}ikJlÁJÌe¥ #{zm
km5§
zymJ}y¨_~©c¥ ~ªyikJl
mJlm{pkm-_~k~ {}m5y
J_¨{¦k}FFmJF}}mJ·{}m#lm#~Q{k~km
_~zm_Á e~Zm Sm#{JÇ[§D¥ _}z}mkmk}J#yF~Àzm2§g}m#§M{}¨_~Àzm2zySm#yF~½zy#j#{mmJy{yFkÃ_m#~Q{&lym
mJ~Î@Ã@F~Q{°SF5#ÃM§km#5§k}Jy¨_~c¥ k~Îy}ik#l
~xkl#}Qkm_Á%ÌV¥ {}zm.zm.zymJ}y¨_~#F~yy|{}m
¦0yJ¥ ~Q{#}mJy}ym#¦&kmJyyF§z{F~y{k§¨jJmdyzmJyJQ{F~ykm°qgM«z¬­mJ§¨§DÇzkSm#§#mdyF~kmJyk§~kmdy#Ç
QkÆyF~Q{bzm5§ º F}l0m 
U (x, y, z) = U 0e
−ik.(x,y,z)t .
V~Â¨~M|md·{~Q{­m#{{}mbF~kmpk~y[§¨mdy eq#F~Q{~xkmJyJÇ_~{}FkÃ_m§5}m#§M{}¨_~kmpzySm#yF~ ,D&   
ω2ex = c
2|k|2 Á
V~Ê_~yzJ}F~Q{Âk~kmF}¨§§m)#F{}Jy¨mJ~k~kmgkF~Q{§mJymJ§¨§k§mJy2yF~Q{zmg{}F¨§§¨m
∆x × ∆y × ∆zm#{&z_~_{§mJy-#F{Jy|{}Qkmdy5zÎl¨§m#
ε
m#{
µ
y_~_{-#F~y{}F~Q{mJyJÇc~k_y5SFkÃ_F~y5}mJim#ikm#°§mJy
yF§z{}¨_~y-{k§¨jJmdy&km~kF{}my}ikJlÇkmÂ{|wxSm_~zmdy-k§~mJy0~xkl#}Qkmdy#Ç,Qky_~_{
zm§
õ»íöÆõ÷ã
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º _lm.ykÃ@F~Q{m _k-i_QkmÂmJ§¨§k§m
Cj,l,m
Ç,zF~Q{-§mÂmJ~Q{}m.zmÂ_}@Ãx¨{
©SFk0xFzF~~k#mdy
(j∆x, l∆y, m∆z)

U j,l,m = U 0e
−i(jkx∆x+lky∆y+mkz∆z),
#m©_b~kFy
lj#~kmJ}¦È_~k~ {}m2§}m#§M{}¨_~ZzmªzymJ}y¨_~½ky}}j{}mmJ~Q{}m
ω
Ç
k
§m©~kFl&¹k}m
Æ¥ _~zm°m{pzm
c
ÁuxFyb§¨mdyiQwxS{}ikjJymJyk}J#JzmJ~Q{mJyJÇx~k{}m5y}ik#l
2³)SQµyJ¥ d}É{
iω∆x∆y∆zθj,l,mXj,l,m + ∆y∆z
Mj+1,l,mXj+1,l,m + Mj−1,l,mXj−1,l,m
2
+ ∆x∆z
Mj,l+1,mXj,l+1,m + Mj,l−1,mXj,l−1,m
2
+ ∆x∆y
Mj,l,m+1Xj,l,m+1 + Mj,l,m−1Xj,l,m−1
2
= 0,
m#{p_~zk¨{b©yi#l
&kI#}m#~#mJy×~¨mdybmJ~_{}JmJyykÃ@F~Q{ 
iω


Exj,l,m
Eyj,l,m
Ezj,l,m


=
1
µ


Hyj,l,m+1 − H
y
j,l,m−1
2∆z
−
Hzj,l+1,m − Hzj,l−1,m
2∆y
Hzj+1,l,m − Hzj−1,l,m
2∆x
−
Hxj,l,m+1 − Hxj,l,m−1
2∆z
Hxj,l+1,m − Hxj,l−1,m
2∆y
−
Hyj+1,l,m − H
y
j−1,l,m
2∆x


³(SFË_µ
m#{ 
iω


Hxj,l,m
Hyj,l,m
Hzj,l,m


= −1
ε


Eyj,l,m+1 − E
y
j,l,m−1
2∆z
−
Ezj,l+1,m − Ezj,l−1,m
2∆y
Ezj+1,l,m − Ezj−1,l,m
2∆x
−
Exj,l,m+1 − Exj,l,m−1
2∆z
Exj,l+1,m − Exj,l−1,m
2∆y
−
Eyj+1,l,m − E
y
j−1,l,m
2∆x


.
³(SQµ
V~
~M|md·{}F~Q{p³)SQµ,k~yp³)SFË_µm{Vz{}¨§y}~Q{ezm~FkÃ_mJ2³)SF_µ·ÇFm{Vm#~
ykkS_y}~Q{[ÃFJ º ~kÃFmJF
ky}}m{§&}m#§M{}¨_~ ∇( z¨Ã E) = 0   ÇzF~2_¹z{m#~Q{
ω2Ej,l,m = c
2
(−Ej−2,l,m + 2Ej,l,m −Ej+2,l,m
4∆x2
+
−Ej,l−2,m + 2Ej,l,m −Ej,l+2,m
4∆y2
+
−Ej,l,m−2 + 2Ej,l,m −Ej,l,m+2
4∆z2
) ³(S_Fµ
¶§%ym¼{}FkÃ_m¼Qkm
³(S_µ#F}mdySF~.m«kF{m#lmJ~_{b¦0k~km5zy}}{y}M{F~zm5§D¥ d_M{F~zm bmJ§¨l0®
iF§¨{ -¼k~)y}ik#l
zI#}m#~mJy¼mJ~Q{}#mJyJÁ V~gm Sm#{JÇÆy'_~gF{°zmJyrJQ{F~y¼zmqªM«z¬m#§§'mJ~
kFl
~km º dQkm#~Q{m#§DÇzF~F¹k{m#~Q{py_y§D¥ ixwxF{ikjdym5Qkm
ε
m#{
µ
yF~Q{bF~y|{~Q{mdy 
 ûçrô $ ÙÚ@ìKà|ç@î|àeædà[æ@à|ç@ìDÞ ÝKè[æ@à[î òMÙÜ!·àVëÛ·ôßå@úÞJådà,ôóÙ­ôßÛ·Þ_æ@à,Ùå@ìDì%æ@Û·ç@çdàeædÞ ë E = 0 â
ö'ö ç0Z[\]$^
_  P 0 $&* 0	
 &0*  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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{
iωE −∇× (µ−1H) = 0
iωH + ∇× (ε−1E) = 0
⇔



iωE − µ−1 }{ H = 0
H =
i
εω
F{
E
⇔ ω2E + c2 (∆E −∇( zÃ E)) = 0,
⇔ ω2E + c2∆E = 0 ( yFy§D¥ iQwxS{}ikjJym ∇( zÃ E) = 0),
kF~Q{§0zy##{y{F~ÂmJ~kI#}m#~#mJy#m#~Q{}#mdyF¹_z{¨{b¦2³)S_Fµ·Ç#m°Qkcl_~_{}m¼§m¼§m#~{}jJy{}_É{
mJ~Q{}m§D¥ JQM{}¨_~Zzm pm#§likF§¨{ 2m{.§mJydQM{}¨_~yzmªqªM«z¬m#§§m#~ zFl
~km º }JQkm#~Q{}¨mJ§KÁVnpFy
F§¨§F~ylF¨~Q{}m#~F~_{JÃ@F§¨m#§mJy{}m#}l0mdybz©ymJ_~l0mJl-¹k}mzm.³(S_µmJ~w¨~|mJ·{~Q{b§D¥ _~zm5k§~km
~xklJQkm5z×~¨mFk@ÃM~Q{JÁk¤r~{}FkÃ_m 
−Ej−2,l,m + 2Ej,l,m − Ej+2,l,m
4∆x2
=
−ej2kx∆x + 2 − e−j2kx∆x
4∆x2
Ej,l,m
=
2 − 2 cos(2kx∆x)
4∆x2
Ej,l,m
=
sin2(kx∆x)
∆x2
Ej,l,m.
¤r~m#~2zJkkÉ{pkF~°QkmFÇzSF~kmy_§¨k{F~ky}}j{}mr~k_~zmJ~_{}QkmJlm#~Q{b~xk§¨§mFÇ
ω
m{
k
y_~Q{
§JyF§0}m#§M{F~2zm5zySm#y¨_~zy}}j{m5ykÃ@F~Q{m 
ω2
c2
=
sin2(kx∆x)
∆x2
+
sin2(ky∆y)
∆y2
+
sin2(kz∆z)
∆z2
.
­m#{{mpmJ§{F~yF~k¨×mbQkm§mJy[_~zmdy,k§F~kmJyV~kmbym__m#~Q{Fy[m#«z_·{}m#lm#~Q{V@ÃFmd­§°¹SF~k~km
k§y}M{}¨_~.F§-¹_~k~km¼ÃxÉ{}mJy}ym_Áz¤r~mJlF}Qkmp~kJF~klF~y­QÆ¥ F~Âm#{}FkÃ_mb§&}m#§M{F~zmrzymJ®
yF~m«kF{m5Q~§mJy{}Fy_yc¥ mdyFm
∆x
Ç
∆y
m{
∆z
{mJ~zm#~Q{bÃ_m#yÁ
V~)mImJ{F~_{°k~z#Ã_m#§FkSm#lm#~Q{¼§¨lÉ{}&mJ~
∆x
Ç
∆y
m{
∆z
m#~Âc¥ Fz}m&.kF~y0³)SQFµ-Ç_~
{}_kÃFm_Çxm#~2~k{~Q{
h = max(∆x, ∆y, ∆z)
Çk§0}m#§M{}¨_~zm5zymJ}y¨_~Fkk}zik#m 
ω2
ω2ex
= 1 − k
4
x∆x
2 + k4y∆y
2 + k4z∆z
2
3|k|2 + O
(
|k|4h4
)
.
³(SF_µ
¶§[mdy|{°¨~Q{}#}mJy}yF~_{°zm
_l0}m#°m{{m}m#§M{F~)¦#m#§§¨m0F¹z{}m#~xkm
kF~y¼§¨mzFl
F¨~km&{mJl_mJ§KÁ
e~
mIm{JÇQm#~.ym} º #~Q{e¦  Ë_
DÇ_§K¥ m#}mJkVzmpkymJ}yF~
k~yV§mpzFl
F¨~km{}m#lSF}m#§SFemblÄJl0m
y}ikJlÂm#~mJyF#m&m#{¼SF5k~)y}ik#l
m«zk§#É{}m
zm-{|wxSm
yFz{m#®DlFk{F~g_k5§K¥ ~_{}#_}{F~ªmJ~
{}m#lymdy|{bz_~k~kJm¼
ω2
ω2ex
(
1 − ω
2
ex∆t
2
12
+ O(ω4ex∆t
4)
)
= 1 − k
4
x∆x
2 + k4y∆y
2 + k4z∆z
2
3|k|2 + O
(
|k|4h4
)
.
õ»íöÆõ÷ã
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npFy'mJl
_F~y'_me~kF{}me}m#§M{F~kmzymJ}y¨_~mJy{'§blÄJl0mQkme§b}m#§M{}¨_~m#~{m#lSF}m#§
§Fy}_mg§m)_y2zmg{}m#ly{}m#~´ÃFmJ}ykÁqªFy~k_y2F~y|{M{_~yy}y5Qkm~k{}mÈy}ik#l
;mdy|{
J_F§¨mJl0mJ~Q{§¨yrzySm#y º Qkm5§¨m&yikJl
&mJ~2{mJl0SF}m#§DÇ#m{{}m-zSJmJ~mk¨l~Q~Q{p§FyQkm°§D¥ _~
mJ~Â~Fyzm°{}m#lybzm°k§ymJ~2k§¨ym#{¨{JÁ
  '    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²¼~y­m#{{mrymd·{F~%ÇF~.zd}É{­m#~.z#{}§k§5l{}ikzzmpzm{|wxSmr¯°§m#}±x¨~
zy}F~Q{}¨~x¨~Q{}zzk¨{m
~y§ymd·{F~©zÁ ÁßxÁnpFy#F~yz#}F~yzm°~k_kÃFmd§K¥ JQ{F~ 
iωθW +
z¨Ã
F (W ) = S.
³)SOHFµ
¤r~2l-§É{}¨k§m.³)SOHµk~m º F~{F~{mJy{py}#§}m
ϕj
m{bF~~_{}j#_m°yk~kmmJ§¨§k§m
Cj

∫
Cj
(iωθW +
zÃ
F (W ))ϕjdx =
∫
Cj
Sϕjdx
⇔ iωθj
∫
Cj
Wϕjdx +
∫
Cj
(
zÃ
F (W ))ϕjdx =
∫
Cj
Sϕjdx.
V~ªFkk§QF~Q{§m¼{ikJF}j#lm5zm-¯¼}m#m#~k® m#l
F~k~ÆÇzF~F¹k{m#~Q{
iωθj
∫
Cj
Wϕjdx −
∫
Cj
F (W ) · ∇ϕjdx +
∫
∂Cj
(F (W ) · n) ϕjds =
∫
Cj
Sϕjdx.
³)SS_µ
­_l0lmkF~y§m°JFy°¿d²-Çz_~S_ym
φj = (ϕj1, ϕj2, · · · , ϕjdj )
§0¹Fym°§¨z#F§¨m5zm Pj = Pm[Cj ]m#{r_~©~k{}m
W j
§
F|mJ·{}¨_~ªzm
W
yk Pj ³¾zm&lÄ#lmFÇ Sj mJy{r§
k}|md·{}¨_~ªzm S yk Pj µÁ ¶§yJ¥ F¨{l
~_{}m#~F~Q{Æ¥ ~M|mJ{mJ
W j
kF~y§D¥ dQM{}¨_~³(S+S_µÁnbF{}m°k_¹k§j#lm°mJy{p§Fyzmikm#ikmJ
W j ∈ Pj
{m#§'_m 
iωθj
∫
Cj
W jϕjdx −
∫
Cj
F (W )j · ∇ϕjdx
+
∫
∂Cj
(F (W ) · n) ϕjds =
∫
Cj
Sϕjdx
⇔ iωθj
∫
Cj
W jϕjdx −
∫
Cj
F (W )j · ∇ϕjdx
+
∑
k∈Vj
∫
Σjk
(F (W ) · njk) ϕjds =
∫
Cj
Sjϕjdx.
³(SF_µ
¶§­mdy|{}m.¦©kk}zikm#5§mJy Qz«Îyk
Cj
F¨~yeQkm.yk
Σjk
Á%nb_y-ik_yyyF~y°c¥ kzikmJ5§¨m
Qz«yk
Σjk
~y}ik#l
mJ~Q{} 
F (W )|Σjk ≈
F (W )j + F (W )k
2
.
ö'ö ç0Z[\]$^
  P 0 $&* 0	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[b#F~yJQkmJ~Q{ 
∑
k∈Vj
∫
Σjk
(F (W ) · njk) ϕjds =
∑
k∈Vj
∫
Σjk
(
F (W )j + F (W )k
2
· njk
)
ϕjds
=
1
2
∑
k∈Vj
∫
Σjk
(F (W )j · njk) ϕjds
+
1
2
∑
k∈Vj
∫
Σjk
(F (W )k · njk) ϕjds
=
1
2
∫
∂Cj
(F (W )j · njk)ϕjds
+
1
2
∫
∂Cj
(F (W )k · njk) ϕjds.
V~ k§¨Q~Q{k~y0§D¥ Fz{}m2ymJ~y-§m{ikJF}j#lmzmª¯¼}m#mJ~z® b¨mJlF~k~ÀFÀk}m#lm#&{m#}lmk
lmJl-¹k}m5zmz}F¨{mFÇz_~_¹z{m#~Q{
∑
k∈Vj
∫
Σjk
(F (W ) · njk) ϕjds =
1
2
∫
Cj
((
zÃ
F (W )j) ϕj + F (W )j · ∇ϕj) dx
+
1
2
∑
k∈Vj
∫
Σjk
(F (W )k · njk) ϕjds.
³KF_µ
V~©~M|md·{}F~Q{5³KFQµk~y§zm#}~kj#}m°JQM{}¨_~km³(SFQµ·Çk_~F¹_z{¨{p¦ 
iωθj
∫
Cj
W jϕjdx −
∫
Cj
F (W )j · ∇ϕjdx
+
1
2
∫
Cj
((
zÃ
F (W )j) ϕj + F (W )j · ∇ϕj) dx
+
1
2
∑
k∈Vj
∫
Σjk
(F (W )k · njk) ϕjds =
∫
Cj
Sjϕjdx.
³Kk¿dµ
¤r~2S_ym 
F (W )j ≡ F (W )|Cj ≈ Fj(W j).
õ»íöÆõ÷ã
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[byk¨{m_Çk§K¥ JQ{F~È³¾¿Jµzm#Ãxm#~Q{ 
iωθj
∫
Cj
W jϕjdx −
∫
Cj
Fj(W j) · ∇ϕjdx
+
1
2
∫
Cj
((
k¨Ã
Fj(W j)) ϕj + Fj(W j) · ∇ϕj) dx
+
1
2
∑
k∈Vj
∫
Σjk
(Fk(W k) · njk) ϕjds =
∫
Cj
Sjϕjdx.
³K_Fµ
V~©}m#__kF~_{§¨mdy{mJlmJykm5FFzm#~Q{}ym#{pzmzÃFm#}FmJ~m_Çc³¾_Fµzm#Ãxm#~Q{
iωθj
∫
Cj
W jϕjdx +
1
2
∫
Cj
((
k¨Ã
Fj(W j)) ϕj − Fj(W j)∇ϕj) dx
+
1
2
∑
k∈Vj
∫
Σjk
(Fk(W k) · njk) ϕjds =
∫
Cj
Sjϕjdx,
³KFË_µ
QkDÇkjdyz#Ã_m#§FkSm#lm#~Q{dÇkzF~k~m 
iωθj
∫
Cj
W jϕjdx +
1
2
∫
Cj
(
3∑
l=1
∂xl(Gxl)jW j
)
ϕjdx −
1
2
∫
Cj
3∑
l=1
(∂xlϕj)(Gxl)jW jdx
+
1
2
∑
k∈Vj
∫
Σjk
(
3∑
l=1
nxljk(Gxl)kW k
)
ϕjds =
∫
Cj
Sjϕjdx,
³KQµ
@Ã_mJ
∂xl(Gxl)jW j ≡
∂(Gxl)jW j
∂xl
Ç
∂xlϕj ≡
∂ϕj
∂xl
m{
njk = (n
x1
jk , n
x2
jk , n
x3
jk)
t ÁÆÌV¥ JQ{F~À³KQµ
Sm#k{pzF~°ym5JJ#m 
iωθj
∫
Cj
W jϕjdx +
1
2
∫
Cj
(
3∑
l=1
∂xl(Gxl)jW j) −
3∑
l=1
(∂xlϕj)(Gxl)jW j
)
ϕj dx
+
1
2
∑
k∈Vj
∫
Σik
MjkW kϕjds =
∫
Cj
Sjϕjdx,
³K_Fµ
_¸
Mkjk = Mjkθ
−1
k
y
Mjk =
( 
3 Njk
−Njk

3
) m{
θk =
(
εk

3
3 µk
) Á
T " = " 6  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k  M½Ö(:¾¡ :¾Ó x
¤r~Îkzikm0§mJy Qz«Èy5§¨mdy5m#§§k§¨mdy5QkeyJ¥ Fkkkm#~Q{y5§¨mdy º _~_{}¨jJmdy°kixwzyQkmJy°_ll0m
SFV§¨mby}ikJl°Ã_F§klmJy×~yJÁx¤r~z{}¨§ympz_~§mJy[}m#§M{}¨_~y³H_µm{¼³H+Hµ·Á_F¨~yQkmp§¨mdy[l
M{}mJy
QkÆym#}F~Q{z{}¨§mJySF§¨mdykziF¨~m°J§k§y 
ö'ö ç0Z[\]$^
F  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
Qmjk =
( 
3 Njk
3

3
)
, Zj =
(
z−1j

3

3
3 zj

3
)
,
P ajk =
(−z−1j N2jk

3
3 −zjN2jk
)
, P mjk =
( 
3 Njk
Njk

3
)
.
npFySFÃFF~yF§¨_}ym#«xlm#§mJy Qz« º _~Q{j#}mJyJÁQ,_k{_z{
j ∈ I m#{{_z{ k ∈ Vai

MjkW k = Mjk
(( 
3 zjNjk
−z−1j Njk

3
)
W j + ξ
( 
3 −zjNjk
z−1j Njk

3
)
W 
)
= M2jkZjW j + ξMjk(

6 − MjkZj)W 
= M2jkZjW j + ξ(Mjk − M2jkZj)W 
= P ajkW j + 2ξ(M
j
jk)
−θjW  .
³KF_µ
,F{Fk{
j ∈ I m#{{Fk{ k ∈ Vmj

MjkW k = MjkW k
= Mjk
((
−  3

3
3

3
)
W j + 2(1 − ξ)
(
−  3

3
3

3
)
W 
)
= P mjkW j + 2(ξ − 1)(Qmjk)tW  .
³KOHµ
qªF¨~Q{}m#~F~_{dÇky%F~2ym5ym#{kmJy}m#§M{}¨_~y°³¾F_µm{-³¾DHµkF~y§0QF~Q{¨{5¨® kmJy}y_y 
∑
k∈Vj
∫
Σjk
MjkW kϕjds =
∑
k∈Vd
j
∫
Σjk
MjkW kϕjds +
∑
k∈Va
j
∫
Σjk
MjkW kϕjds
+
∑
k∈Vm
j
∫
Σjk
MjkW kϕjds,
³K+S_µ
_~Â{}_kÃFm5Qkm°§mJy Qz«2z«m#§§k§¨mdyÃF_y¨~mJyyJ¥ d}¨Ã_m#~Q{ 
∑
k∈Vj
∫
Σjk
MjkW kϕjds =
∑
k∈Vd
j
∫
Σjk
MjkW kϕjds
+
∑
k∈Vaj
∫
Σjk
(
P ajkW j + 2ξ(M
j
jk)
−θjW 
)
ϕjds
+
∑
k∈Vm
j
∫
Σjk
(
P mjkW j + 2(ξ − 1)(Qmjk)tW 
)
ϕjds,
õ»íöÆõ÷ã
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yF¨{m#~#F}m 
∑
k∈Vj
∫
Σjk
MjkW kϕjds =
∑
k∈Vd
j
∫
Σjk
MjkW kϕjds +
∑
k∈Va
j
∫
Σjk
P ajkW jϕjds
+
∑
k∈Vm
j
∫
Σjk
P mjkW jϕjds + 2γ j ,
³KF_µ
@Ã_mJ 
γ j = ξ
∑
k∈Va
j
∫
Σjk
(M jjk)
−θjW  ϕjds + (ξ − 1)
∑
k∈Vm
j
∫
Σjk
(Qmjk)
tW  ϕjds.
­_l0lm.kF~y°§mJFy¿d²-Çc~k_y5ykkS_yF~y°l
~Q{mJ~~Q{Qkm
W j(x) =
dj∑
k=1
W jkϕjk(x)
ÇÆF¸
Pj = Pm[Cj ]
mJy{k}y#Fllmg§D¥ mdy_m)m#~k_m#~z}ªF§mJy º F~·{F~yy}#F§F¨}mJy._§¨wx~ _l0§mJy
kmªzm#_2 k§y#Q§b¦
m
yk
§Îm#§§k§¨m
Cj
m{.§mJy.zmJF}Jyzm©§¨¹Sm#{©§z#Fz«ZyF~Q{
W jk ∈
C6
Á%,_yF~y
Wj = (W j1, W j2, · · · , W jdj )
³
Wj
mJy{-k~km.l
{}#m.md·{~k_§¨m
6 × dj
µ°m#{
φj =
(ϕj1, ϕj2, · · · , ϕjdj )
ÁS¤r~2
W j = Wjφ
t
j
Á¤r~2~Q{}xkkÉ{bF§¨_}y§mJyl
M{}mdyykÃM~Q{mdy 



Φj =
∫
Cj
φtjφjdx (Φj
mdy|{pywxl{}_m¼z#×~km5Qy¨{ÃFm
),
Φxlj =
∫
Cj
(
φtj (∂xlφj) − (∂xlφj)t φj
)
dx (Φxlj
mJy{F~Q{ywxl{}Qkm
),
Φjk =
∫
Σjk
φtjφkds (Φjk
mJy{b_m#§F~_m°km°{}§§¨m
dj × dk).
qªF¨~Q{}m#~F~_{dÇ%mJ~ÎkmJ~~Q{SFk
ϕj
yJmJy}y¨Ã_m#lm#~Q{5{_z{mdy§mJy º _~·{}¨_~y-km.¹Fym
ϕjk
SFk
1 ≤ k ≤ dj
ÇzF~2Sm#z{b}m º _l&k§¨mJ§K¥ JQ{F~È³¾_Fµy_y§ º _lmFÇ ∀Cj ∈ Th 
2iωθjWjΦ
t
j +
3∑
l=1
GxlWj(Φ
xl
j )
t +
∑
k∈Va
j
P ajkWj(Φjk)
t
+
∑
k∈Vm
j
P mjkWj(Φjk)
t
+
∑
k∈Vd
j
MjkWk(Φjk)
t = bj .
³|¿dFQµ
_¸
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bj = 2

SjΦtj − 2

ξ
∑
k∈Va
j
(M jjk)
−θjW  (Φjk)t + (ξ − 1)
∑
k∈Vm
j
(Qmjk)
t
W  (Φjk)t




Á
¤r~Î_~y{}M{}m0Qkm.#m{{m º F}l-k§M{}¨_~ym}Fkk}zikm0km#m#§§¨m
#{}F¹k§¨m
k~y°§¨m
#_y¿J²&Ç%m
Qk
ÃM~k_y
lm#~m#.¦Jz{§ym#
§m©k}x#Jz2zm©Ã_mJ·{}F}y}M{}¨_~ZQk{}}F~y º _lm§Èl
{}#m
Wj =
(W j1, W j2, . . . , W jdj )
m#~k~)Ã_mJ{m#°#F§F~k~m
(W j1, W j2, . . . , W jdj )
t ∈ C6×dj Á'­m}F~kFm#®lmJ~_{e#F}mdySF~{}FM|_k}y[¦°~0mJlk¨§m#lmJ~_{­V#Q_}kF~k~kJmJy,ym#§F~k~lÄ#lmbzm#_zmp§¨¹mJ{}FÁ
npFy_¹z{mJ~kF~y§Fy­_ _m°k}xkkÉ{pkm °}F~mJ±FmJ 
2iω(Φj ⊗ θj)ℵ(Wj) +
3∑
l=1
(Φxlj ⊗ Gxl)ℵ(Wj) +
∑
k∈Va
j
(Φjk ⊗ P ajk)ℵ(Wj)
+
∑
k∈Vm
j
(Φjk ⊗ P mjk )ℵ(Wj)
+
∑
k∈Vdj
(Φjk ⊗ Mjk)ℵ(Wk) = ℵ(bj),
³|¿dk¿@µ
QkDÇkjdy º F·{}F}y}M{}¨_~ÆÇzzF~~km 
[
2iω(Φj ⊗ θj) +
3∑
l=1
(Φxlj ⊗ Gxl) +
∑
k∈Va
j
(Φjk ⊗ P ajk)
+
∑
k∈Vm
j
(Φjk ⊗ P mjk )

ℵ(Wj)
+
∑
k∈Vdj
(Φjk ⊗ Mjk)ℵ(Wk) = ℵ(bj).
³|¿d__µ
¤r~©Ã_F¨{pzF~-_m5§K¥ F~©_¹z{m#~Q{pk~m º F}l-k§M{}¨_~l
{}#¨mJ§¨§m-z_~_{b§
l
M{}mkFFF~§m¼mdy|{
#F~y{¨{#mzm¹k§¨zJy[zme{§¨§m
d2j
Ç@m{Vz_~_{[§mJyl
M{}mdy'm#«x{Fz_F~F§¨mdy%yF~Q{,#F~y{¨{#mJy,zm¹k§z#y
km°{}§§¨m
dj × dk
Ác¤r~2mJz{¼FyycFz_~k~km#§mJyp¨~F~~QmJybc¥ k~kmFz{}m5l
~kj#}m¥ mJy{®¶¦M®¶zm°§mJy
~Fm#-m#~ÎÃFmd·{}m#k&F¸À#m{{}m º _y® #­#myF~Q{-§mJy§F~kmdy&zmÂ§gl{}#m
W
_­_~_{&{m#lk§¨JmJy
§¨z{ {Qkm¼ymJy_§¨_~k~kmdy#Ákr¥ mdy|{k~Â~Fm#lmJ~_{zmJF}Jyzmp§¨¹Sm#{°y##mJy}y º yeSF~kmrlÄJl0m
#xFzF~k~#mFÇ_mpQkmJy{­m#~.QkmJ§Qkmry_{}m§¨mr}F~kFmJl0mJ~Q{e§¨{m#}~{ º F
k}Jdzm#~Q{dÁ V~.{k§¨mJJÇ
#m°ÃFmJ{mJkb_}mJy_~Â¦ ℵ(Wt) ÁÌÆmy}ik#l
&mJ§{ º ¦#m{bm#lk§m#lm#~Q{pyJ¥ d}É{
õ»íöÆõ÷ã
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[
2iω(θj ⊗ Φj) +
3∑
l=1
(Gxl ⊗ Φxlj ) +
∑
k∈Va
j
(P ajk ⊗ Φjk)
+
∑
k∈Vm
j
(P mjk ⊗ Φjk)

ℵ(Wtj)
+
∑
k∈Vd
j
(Mjk ⊗ Φjk)ℵ(Wtk) = bj .
Ì'rl
{}#mkFFF~§m­mdy|{V º _lJmkm
d2j
¹k§z#y[zm{§¨§m
6×6 m#{,§°l
M{}mm«x{}}_zFF_~§mmdy|{ º _lJmkm
dj ×dk
¹k§¨zJy[zm{}F¨§§m
6×6 Ánb_y[k} º J_~y,z{§ym#V§°k}m#lj#}m º _l&k§M{F~Qkk{§¨ymek~~k_m#lm#~Q{ÆF%xFz_~k~k#mdyckkyÆ'km#F}VzmV§¹mJ{}e§xJ§DÁV~S_y}~Q{
W j = ℵ(Wj)
Ç
~FyzmJÃF_~y{z¨mJb§myikJl
	
[
2iω(Φj ⊗ θj) +
3∑
l=1
(Φxlj ⊗ Gxl) +
∑
k∈Va
j
(Φjk ⊗ P ajk) +
∑
k∈Vm
j
(Φjk ⊗ P mjk )

W j
+
∑
k∈Vd
j
(Φjk ⊗ Mjk)W k = bj .
³|¿dFËQµ
  
 :
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:"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P1
¤r~-yme§_mVl
~Q{mJ~~Q{~y%§¨m#Fy'F¸ Pj = P1[Cj ] m{F¸§mJymJ§¨§k§mJy Cj yF~Q{'kmJy%{{}}FjJz}mJy³¾KÁ mFÁ
Cj = τj
µ·ÁÆ²¼~y5#m
#FyJÇIF~k}m#~
φj = (ϕj1, ϕj2, ϕj3, ϕj4) = (λj1, λj2, λj3, λj4)
Çc_¸)§mJy
λjk
y_~_{°§mJy°xFz_~k~k#mdyp¹}wx#m#~Q{}_mJyb}m#§M{}¨Ã_mJy¼z«gQ{}m&yFllm{y¼kg{}{jdz}m
τj
Á V~
k{§¨yF~Q{§ º F}l-§¨m 
∫
τ̂
λe11 λ
e2
2 λ
e3
3 λ
e4
4 dx =
e1!e2!e3!e4!
(e1 + e2 + e3 + e4 + 3)!
,
_¸
τ̂
zJyF~km°§m°{{}}FjJz}m5zm° º #}m#~#m5zm°ÃFF§klm
V̂ = 1/6
Çx_~_¹z{m#~Q{ 
Φj =
∫
τj
φtlφmdx =
Vj
V̂
∫
τ̂
φ̂tl φ̂mdx =
Vj
120V̂


2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2

 ,
³|¿dxµ
_¸
Vj
zJy¨_~km°§¨m5Ã_F§klm5zÂ{}{}}FjJz}m
τj
Á²rm5l0ÄJlm 
Φxkj =
∫
τj
(
φtj (∂xkφj) − (∂xkφj)t φj
)
dx =
(
nmk − nlk
12
)
lm
,
ö'ö ç0Z[\]$^
_  P 0 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* 0	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_¸
nlk
mdy|{§FlS_y}~Q{m5ym#§F~
ek
zm5§0~k_l
F§¨m¼¨~Q{}#}¨mJkm5¦
τj
¨~Q{}#F}#m°yk§ º _m°FQyJm
FyFllm{~xkl#}
l
k~y
τj
Áz[b§§¨mJk}y 
Φjk =
∫
Σjk
φtjφkds
mdy|{rk~kml
M{}m
4 × 4 kF~Q{p§m5{mJlm (lm) Ã@Fz{
l0mdy
(Σjk)αlm
12
Ç_¸
αlm
zJmJ~©zmdypzmJF}Jybzm
§¹mJ{}Fy}yzJy5³Ky'§¨m&y_l0lm#{
l
k~y
τj
~Æ¥ mdy|{rFyb~y
τk
_©dk}xQkmJlm#~Q{JÇ
αlm = 0  
y#¥ ¨§y
yF~Q{#Qz«cÇ
αlm = 2  
y~k_~
αlm = 1
µÁ¤r~2Fyy 
Φj ⊗ θj =
Vj
120V̂


2θj θj θj θj
θj 2θj θj θj
θj θj 2θj θj
θj θj θj 2θj


@Ã_mJ
θj =
(
εj

3

3
3 µj

3
)
.
³|¿d__µ
Ì'&l
{}#m 3∑
l=1
Φxli ⊗ Gxl
mdy|{bm#«zk§¨¨{Jm5k~yb§K¥ ~k~m«zm"HxÁ HxÁ ËxÁ
T " I " = J Ód     ©Ö 
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h'Fz{e#Fllm_kV§mbyi#l
  Z³K¯°²re_µÇ_~k_y[§§F~y[zdzm#V¦¼§D¥ #{kmpzmbzySm#y¨_~k
y}ikJl¯°²rb¿pykV~kmbF}§¨§mb#F{}Jy¨mJ~k~km³»m#{e~k_~0Fy,{}{dz}Qkm@µ·ÁFÌ'zSJmJ~mb@Ã_mJ§K¥ {}zm
#F~#m#}~~Q{b§m-y}ik#l
Â¯°²re.mdy|{¼_m-~k_ypF§¨§F~ybÄ{}m-#F~Q{~Q{}ybc¥ {}zm#¼k~ªk}F¹§¨jJl0mFz«
ÃMF§¨mJk}y'k}Fk}mJyM×~&zm­{}FkÃ_m#§pmJ§{F~0zmkymJ}yF~-zy}ik#l
r¯°²rb¿_ÁM_k[m º m_ÇJ~Fy
#F~yz#}m#}F~y­§mJylÄ#lmJyixwxS{ijJymJyQkm°_k§D¥ #{zmk2y}ikJl
¯°²re
¦y@Ã_F z~km5F}¨§§m
}#_k§¨jJm5ik_lFFjJ~km-z_~Q{r§mJyp#m#§§¨§¨mdyryF~Q{rzm&{}F¨§§m
∆x × ∆y × ∆z Çm#{rk~km0mJ§¨§k§m Cj,l,m yk§FQkmJ§¨§me~Fy§§¨_~y%Fkk§QkmJ'~{}m­y}ikJlbm{[zF~Q{'§mm#~Q{}mzme_}@Ãx¨{
G
p_k#xFzF~k~#mJy
(j∆x, l∆y, m∆z)
Áz_kbk§¨Qkm#bkmJy º F~·{F~y
P1
ykk~2l
§¨§_mri«kjdzQkm¼F{ik_FF~§DÇ
~Fy#F~yk#}F~y§mJy º F~·{F~yzm5¹Fym5y¨ÃM~Q{}mJy 



ϕ1 = (1, 0, 0)
t, ϕ2 = (
y − yG
∆y
, 0, 0)t, ϕ3 = (
z − zG
∆z
, 0, 0)t, ϕ4 = (
x − xG
∆x
, 0, 0)t,
ϕ5 = (0, 1, 0)
t, ϕ6 = (0,
x − xG
∆x
, 0)t, ϕ7 = (0,
z − zG
∆z
, 0)t, ϕ8 = (0,
y − yG
∆y
, 0)t,
ϕ9 = (0, 0, 1)
t, ϕ10 = (0, 0,
x − xG
∆x
)t, ϕ11 = (0, 0,
y − yG
∆y
)t, ϕ12 = (0, 0,
z − zG
∆z
)t.
²rm5m º ¨{JÇx{_z{il
U j,l,m
zdyF~F~Q{­~zSJmJl0lmJ~_{
Ej,l,m
F
Hj,l,m
ykk~km°m#§§k§¨m
Cj,l,m
z2l
§¨§_m¼yJ¥ J}¨{ 
õ»íöÆõ÷ã
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U j,l,m =


U1j,l,m + U
4
j,l,m
(
x − xG
∆x
)
+ U2j,l,m
(
y − yG
∆y
)
+ U3j,l,m
(
z − zG
∆z
)
U5j,l,m + U
6
j,l,m
(
x − xG
∆x
)
+ U8j,l,m
(
y − yG
∆y
)
+ U7j,l,m
(
z − zG
∆z
)
U9j,l,m + U
10
j,l,m
(
x − xG
∆x
)
+ U11j,l,m
(
y − yG
∆y
)
+ U12j,l,m
(
z − zG
∆z
)


.
npFy{F~ykF~°zm5§D¥ dQM{}¨_~³K_µmJ~m#«zk§¨_É{~Q{§¨mdyixwQS{}ikjJymJydJkm#~Q{mdy 
iω
∫
Ci,j,k
ϕW j,l,mdx +
1
2
θ−1
∫
Cj,l,m
(
ϕ
(
3∑
r=1
∂xrGxrW j,l,m
)
−
3∑
r=1
∂xrϕGxrW j,l,m
)
dx
+
1
2
θ−1
(∫
Σi+1
ϕMj+1,l,mW j+1,l,mds +
∫
Σi−1
ϕMj−1,l,mW j−1,l,mds +
∫
Σj+1
ϕMj,l+1,mW j,l+1,mds +
∫
Σj−1
ϕMj,l−1,mW j,l−1,mds +
∫
Σl+1
ϕMj,l,m+1W j,l,m+1ds +
∫
Σl−1
ϕMj,l,m−1W j,l,m−1ds
)
= 0,
QkÆkF~k~km5§mJydQM{}¨_~yy¨ÃM~Q{}mJy 
ö'ö ç0Z[\]$^
Q  P 0 $&* 0	
 &0*  '.&0*/	
 ' 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iω
∫
Ci,j,k
ϕEj,l,mdx +
1
2µ
∫
Cj,l,m
(
ϕ
(
3∑
r=1
∂xrN
xrHj,l,m
)
−
3∑
r=1
∂xrϕN
xrHj,l,m
)
dx
+
1
2µ
(∫
Σi+1
ϕNj+1,l,mHj+1,l,mds +
∫
Σi−1
ϕNj−1,l,mHj−1,l,mds +
∫
Σj+1
ϕNj,l+1,mHj,l+1,mds +
∫
Σj−1
ϕNj,l−1,mHj,l−1,mds +
∫
Σl+1
ϕNj,l,m+1Hj,l,m+1ds +
∫
Σl−1
ϕNj,l,m−1Hj,l,m−1ds
)
= 0.
¤r~mJlk§_m°§Fye§mJyiFlyzkddzm#~Q{ywzy{j#lm¼§m#kyy_§¨k{F~yF{}#k§¨j#}mJyQk
yF~Q{pzm&§ º _lm
U j,l,m =
12∑
p=1
Up0 e
−ik·(i∆x,j∆y,l∆z)ϕp
ÁIux'_~2~k{}m
Ũ = (U10 , U
2
0 , ..., U
12
0 )
t _~
_¹z{m#~Q{§mywzy{j#lm5c¥ JQ{F~y 
{
iωẼ = µ−1T̃H̃
iωH̃ = −ε−1T̃ Ẽ
⇒ ω2Ẽ = c2T̃ 2Ẽ
@Ã_mJ 
T̃ =
0
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@
0 0 0 0 −sz 0 −rz 0 sy 0 ry 0
0 0 0 0 0 0 0 −sz −12ry 0 −3sy 0
0 0 0 0 12rz 0 3sz 0 0 0 0 sy
0 0 0 0 0 −sz 0 0 0 sy 0 0
sz 0 rz 0 0 0 0 0 −sx −rx 0 0
0 0 0 sz 0 0 0 0 12rx 3sx 0 0
−12rz 0 −3sz 0 0 0 0 0 0 0 0 −sx
0 sz 0 0 0 0 0 0 0 0 −sx 0
−sy −ry 0 0 sx rx 0 0 0 0 0 0
0 0 0 −sy −12rx −3sx 0 0 0 0 0 0
12ry 3sy 0 0 0 0 0 sx 0 0 0 0
0 0 −sy 0 0 0 sx 0 0 0 0 0
1
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
,
_¸_~S_yFÇzSF
v = x, y, z

õ»íöÆõ÷ã
 
		 !"$#%&(')*"	+" &,-./&0120*')#% _Ë



sv =
i sin(kv∆v)
∆v
,
rv =
1 − cos(kv∆v)
2∆v
.
¤r~2mJy{bzF~5lm#~k5¦&{}FÃFm#§mJyÃMF§¨mJk}y_kmdy
λ
zm5§&l
{}#m
T̃
Á V~ykÉ{}mFÇSmJyÃMF§¨mJk}y
_kmdyÃF#}¨×m#~Q{
ω2 = c2λ2,
³|¿dFQµ
#mQkVkF~k~km0k~km}m#§M{}¨_~)zm
zySm#y¨_~ÆÁ V~ º ¨{JÇc§Â~xkl#}{M{}¨_~)zmdy¼km#F}Jy°zm§¨¹Sm#{
k{§¨yJm5mJy{k§¨k{ {bl
F§ÆikFymFÁ e~mJ~~Q{§K¥ Fz}m5ykÃM~Q{



ϕ1 = (1, 0, 0)
t, ϕ2 = (0, 1, 0)
t, ϕ3 = (0, 0, 1)
t,
ϕ4 = (
x − xG
∆x
, 0, 0)t, ϕ5 = (0,
x − xG
∆x
, 0)t, ϕ6 = (0, 0,
x − xG
∆x
)t,
ϕ7 = (
y − yG
∆y
, 0, 0)t, ϕ8 = (0,
y − yG
∆y
, 0)t, ϕ9 = (0, 0,
y − yG
∆y
)t,
ϕ10 = (
z − zG
∆z
, 0, 0)t, ϕ11 = (0,
z − zG
∆z
, 0)t, ϕ12 = (0, 0,
z − zG
∆z
)t,
_~_¹z{m#~Q{bk~m¼~FkÃ_m#§§¨m°l
M{}m
T̃
@w_~Q{§¨mdylÄ#lmJyÃMF§¨mJk}yk}Fmdy#ÇzQk%yJ¥ d}É{
T̃ =
0
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@
0 −sz sy 0 0 0 0 0 ry 0 −rz 0
sz 0 −sx 0 0 −rx 0 0 0 rz 0 0
−sy sx 0 0 rx 0 −ry 0 0 0 0 0
0 0 0 0 −sz sy 0 0 0 0 0 0
0 0 12rx sz 0 3sx 0 0 0 0 0 0
0 −12rx 0 −sy −3sx 0 0 0 0 0 0 0
0 0 −12ry 0 0 0 0 −sz −3sy 0 0 0
0 0 0 0 0 0 sz 0 −sx 0 0 0
12ry 0 0 0 0 0 3sy sx 0 0 0 0
0 12rz 0 0 0 0 0 0 0 0 3sz sy
−12rz 0 0 0 0 0 0 0 0 −3sz 0 −sx
0 0 0 0 0 0 0 0 0 −sy sx 0
1
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
,
¤r~2~_{}zzÉ{k~2F}Fl0j#{}m
h
_c~kFybmJlm{bzm5S_ym#



∆x = αxh,
∆y = αyh,
∆z = αzh,
m#{­_~ÂykQym¼Qkmp§mJy­lj#{}mJy
αx
Ç
αy
m#{
αz
mdy|{}m#~Q{­¹SF}~kJyJÁ_Ì%mJy­ÃM§m#kyVk}Fmdyezm
T̃
y_~Q{
}mJim#ik#mdy­yFy§ º F}lm 
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λ(T̃ ) = |k|(1 + ah + bh2) @ÃFmJ (a, b) ∈ R2.Ì%m¼¹z{mJy{kmr{}_kÃFmJ
a
m{
b
SFkb#F~k~ {}mpk~2z#Ã_m#§FkSm#lmJ~_{§¨l¨{5zm
λ
QF~
h → 0 Çm#{z_~rk~kmp}m#§M{}¨_~Âzm¼zySm#yF~Â_ywxlz{}{QkmpQF~
h → 0 Áxh'Fk{c¥ ¹SFcÇQF~.m Smd·{mrk~k#ÃFmJ§¨_kSm#lm#~Q{§¨lÉ{}zmJypxmÍ.m#~Q{yzm°§l
M{}m
T̃
kSF{¦
h




sv = ikv
(
1 − k
2
v(αvh)
2
6
+ O(k4vh
4)
)
rv =
k2v(αvh)
4
+ O(k4vh
4)
qªF¨~Q{}m#~F~_{dÇx~kFy­}mJikmJ}ik_~yV§mJyÃM§m#}yzm
a
m#{km
b
_k­§mJy}Qkm#§§mJy­§¨m¼ _§¨wx~k_lm¼JF·®
{}#}y{Qkm5zm
T̃
yJ¥ ~k~xk§m°_k{_z{
h
Á
λ
ymJ}0zm5§ º F}l0m 
λ = |k|
(
1 +
1
48
k4xα
2
x + k
4
yα
2
y + k
4
zα
2
z
|k|2 h
2
)
.
³|¿dOHFµ
p¨~yDÇcm#~g~M|md·{}F~Q{°#m{{}mÃ@F§¨mJk¼k_k}m&kF~yp§D¥ mJQM{}¨_~Z³¿JF_µ·ÇI~kFyr_¹z{mJ~kF~yp§Â}m#§M{}¨_~
km°kymJ}yF~2zy}}j{}m 
ω2
ω2ex
= 1 +
k4x∆x
2 + k4y∆y
2 + k4z∆z
2
24|k|2 + O
(
|k|4h4
)
,
³|¿d+SQµ
Qk'mdy|{}mk~km&zySm#yF~ªc¥ Fz}mzm#k«IÇixkÉ{ º FyblF~z}m-Qkm-#m#§§¨m&_'#F}_·{}#}ym5§¨m&yikJl

Ã_F§klmJyp×~ky³)SF_µ·ÁI,Fk5_~k~  {}m&¼m«zm#lk§m0§ÂmJ§{F~gzmzySm#y¨_~ªm#~Z¿J²&ÇS§VyzÍ{°zm
mJ~z}m¼~km°F~zmQkÆym5k}FFFm¼k~y§
zmd·{}¨_~
k = |k|(1, 0, 0) Çk#m5_%zF~~km 
ω2
ω2ex
= 1 +
|k|2∆x2
24
+ O
(
|k|4h4
)
.
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¤r~½F~yzj#}m.§mz_l
~km
[a, b] = [0, 1]
ÁV­F~ º _lJl0mJ~Q{&z«;#F~z¨{F~y&Qkm~kFy&@Ã_F~y
iFymJy5kF~y5§mJy5FikmJyrk}Jdzm#~Q{y#Çc~k_y5_z{_~y5SFk~km._~z¨{F~Î¹yF}¹F~_{}m0Fz«
SF~Q{}y {a} m{ {b} Á²¼~yp§¨m-JFy{}mJy{¼#F~yk#}FÇkk~mF~kmk§~kmym-zFmkª_¨~Q{ {a} Ã_m#y§mSF~Q{ {b} Çzm{bF~2_¹ymJÃ_m°§}#SF~ym°F¹z{}m#~xkm5SFkbkI#}m#~Q{mdyb#F}_·{}#}y{QkmJyz©l
§§FFm°m{k
l0§¨mJÆÁ_Ìe¥ _~zmk§~kmpmJy{ezmb§ º F}l0m
W  (x) = (ηe, ηh)e−ikx _¸ k = ω
c1
m#{
ηh = z1ηe 
Ç_zm
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²¼~y­m{}mJy{JÇF_~QymSFk ∀j : εj = 1 m{ µj = 1 ÁFÌ%mJyV#F~kÉ{}¨_~y[m#~ {a} m#{ {b} mJlm#{{mJ~Q{kmy¨l&k§¨mJ-§ªk}F_{F~Îc¥ k~kmF~zmk§~kmk~y-§¨mÃxzmm{
zF~.zmÂSFÃFF&#FlFmJ§
yF§z{}¨_~½_¹z{mJ~xkmg¦Î§Îy_§¨k{F~Ïzmª} º JmJ~m_ÁV,FkÂ§K¥ F~kmªk§~kmgiFymFÇe#m{{mgyF§z{F~ mdy|{
<(e−ikx) = cos(kx) Áx¤r~z{}¨§ymb~
lF¨§§Fmk~ º _lmbzm N = 200 mJ§¨§k§mJy[SFV§¨mdy º }JQkm#~mJy
f = 100
q   FÇ
f = 500
q   5m#{
f = 1
¯   FÁbFkSm#§F~yF_yy}_mr§mJy}m#§M{}¨_~yzm°¹_ym 



k =
ω
c
,
ω = 2πf,
λ =
c
f
.
kF~Q{eF~{}¨}m
λ =
2π
k
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FlF}F~Q{[#mJy
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eÇQmJ~.F{}#k§¨m#
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«zk}¨lm
¦{zm§2mJ§{F~)Ë_² ³|¿dFFµ
QkÆ#F~kkÉ{p¦ 
|ω2 − ω2h| ∼ ω2h
k2x∆x
2
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∆x
=
2π
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l0#{ikzzm0¯°²pe.{}FÉ{
§.§¨yrk}zikm&zm&§y_§¨k{F~ªm#«z_·{}mFÁSuz_~gym-} º j#}m-Fz« º F}l-k§mJy¼Qk'm#«zklm#~Q{r§.}m#§M{}¨_~
km0zymJ}y¨_~gSFk°§Âl#{ikzzm
¯°²p­m#{5§mJ§{F~gkm0zymJ}y¨_~gSFk°§Âl#{ikzzm
¯°²pp¿FÇ
~Fy5#F~y{}{F~y¼Qkm
#m{{}m.zm#}~kj#}m&mdy|{l_¨~y5kymJ}yÃFmc¥ ~ º _·{}m#kSÁÆqªy°_k5¹km#~Èym
}m#~zm°_lz{mzm5#m{{}m5m#}mJkdÇQ§ º Fz¨{#FlFmJ§mJy#Fk}¹SmJym#~k}m#~F~Q{~l
F¨§§FFmr{}jJy
ö'ö ç0Z[\]$^
_  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.6
−0.4
−0.2
0
0.2
0.4
0.6
0.8
1
1.2
pa
rt
ie
 r
ee
lle
 d
u 
ch
am
p 
el
ec
tr
iq
ue
N=200, f=100MHz, epsilon=mu=1 
solution exacte
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F}}mJ·{}m­lÄJl0m
ykb~©lF¨§§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©ymd·{F~
[0.4; 0.6]
z;z_lF¨~m.zmÂ#F§#k§DÇÆF~
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εj = 4
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{
µj = 1
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N = 400
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~y­§  #_~km¼ik{}#}FFjJ~km
[0.4; 0.6]
ÇQ§FyeQkm°§-yF§z{F~e-~m¼ym#l&¹k§¨m¼_yek}m#~zm¼m#~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}Jyk§¨{}M{yeJ§¨l¨~F¨}mJy#F~#m#}~~Q{­§&dy_§¨z{}¨_~.~xkl#}Qkm°zmdyJQM®
{}¨_~yzmqª«z¬­mJ§¨§ÆË_²m#~2l
§¨§_m¼{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F~yz#}°mJy{b§zI}_·{F~©c¥ k~km
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(i) E 1
2
− z1H 1
2
= ξ(E  − z1H  ),
(ii) A1
W0 + W1
2
= ξA1W  ,
 	
A1 =
(
1 −z1
−z−11 1
) 
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E 1
2
− z1H 1
2
= ξ(E  − z1H  )
−z−11 E 1
2
+ H 1
2
= ξ(−z−11 E  + H  )
⇔
(
1 −z1
−z−11 1
)(
E 1
2
H 1
2
)
= ξ
(
1 −z1
−z−11 1
)(
E 
H 
)
,
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A1
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2
= ξA1W  .
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(i) EN+ 1
2
= (ξ − 1)E  ,
(ii) AN
WN + WN+1
2
= (ξ − 1)ANW  ,
 	
AN =
(
1 0
0 0
) 
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EN+ 1
2
=
EN + EN+1
2
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(i)

EN+ 1
2
= (ξ − 1)E  ⇔ EN + EN+1
2
= (ξ − 1)E 
⇔
(
1 0
0 0
)


EN + EN+1
2
HN + HN+1
2

 = (ξ − 1)
(
1 0
0 0
)(
E 
H 
)
,
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«k_·{mJlm#~Q{
AN
WN + WN+1
2
= (ξ − 1)ANW  .
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1 * X⊥  X// !U&(')% */012&0 % P &*O%* (') %	+
X
  &0'  12%*   &2%&  Σjk 
X⊥ = (njkn
t
jk)X = (njk .X)njk
%
X// = njk × (X × njk) = X − (njk .X)njk,
&0 $0* & #
X// = −N2jkX
 	+*   #
X⊥ = (N
2
jk +  3)X 
  :  
N3jk = −Njk

   
N2jk
%01 ')#% % *  O&0'      &+	012  %  & $   $  % {0,−1,−1} 
 x   
³¾µh'Fk{pc¥ F¹_}ÆÇ
NjiX = X × nji = −X × njk = −NjkX ⇒ Nji = −Njk
Á
³¾¨÷µ V~ º y}~Q{§¨mdyb#F§#k§y_~_¹z{m#~Q{
∑
j∈Vj
Sjknjk = 0 ⇒
∑
j∈Vj
SjkNjkX = −(
∑
j∈Vj
Sjknjk) × X = 0
⇒
∑
j∈Vj
SjkNjk = 0.
³¾¨Ãkµ V~ º Fy}~Q{§¨mdy#F§#k§y_~2F¹z{}¨mJ~_{
N3jkX = ((X × njk) × njk) × njk
= −(njk × (X × njk)) × njk
= −(X − (njk.X)njk) × njk
= −X × njk
= −NjkX
⇒ N3jk = −Njk.
  ,'  )*+./)    " *+-%1%  #  

¤r~Àim#ikm.k~y-m_}Fkikm
¦ªzd_l0S_ym#-§gl{}#m
M jjk
mJ~;yª{mÂS_yÉ{}¨Ã_m.m{
~#_{ÃFm_ÁxnpFy@Ã_F~yz¦ÃxQkm 
ö'ö ç0Z[\]$^
S_  P 0 $&* 0	
 &0*  '.&0*/	
 ' * 
M jjk = Mjkθ
−1
j
@Ã_mJ
Mjk =
( 
3 Njk
−Njk

3
) m{
θj =
(
εj

3

3
3 µj

3
)
.
Ìe¥ ixwxmJ¹SF§¨{&kgywzy{jJl0m0c¥ JQM{}¨_~ypkm&qª«x¬m#§§'yF~k¨×m&Qkm
M jjk
mdy|{°zFF_~§y}¹§¨m_Á
¤r~lF~Q{}m°_m
M jjk
_zlm{b§mJyÃM§m#}yk}Fk}mJy}#mJ§¨§mJyz_k¹k§mJy {λ0 = 0, λ+ = cj , λ− = −cj} ÁnpFy[F§¨§F~y[c¥ F¹_}-{}FÃFm#,k~mmzmÃ_mJ{m#}y,k}Fmdy'_{}ikF~F}lFz«-Fy}yx#¨dy,¦r§°ÃM§m#k
_km
λ0
ÁkuxIF~Âik_y¨{­§-F¨}mpzm¼ÃFmd·{}m#ky
(W a0 , W
b
0) ∈ R6×2
{m#§§m¼Qkm
W a0 = (njk ,

3)
t m{
W b0 = (

3, njk)
t Ç_~ªy#¥ Sm#  _É{pQÆ¥ ¨§ypyF~Q{p_{}ikF~F}lFz«ÂmJ~_{}m5mJz«cÇm#{¼QÆ¥ ¨§yp#F}mdySF~km#~Q{
¹¨mJ~2¦zmdyÃFmd·{mJkyk_k}mJyzm
M jjk
Fy}yz#¨dy¦
λ0
Á V~2mIm{ 



M jjkW
a
0 = Mjkθ
−1
j W
a
0 =
( 
3 Njk
−Njk

3
)(
ε−1j njk
3
)
=
( 
3
−ε−1j Njknjk
)
=

6
M jjkW
b
0 = Mjkθ
−1
j W
b
0 =
( 
3 Njk
−Njk

3
)( 
3
µ−1j njk
)
=
(
−µ−1j Njknjk0
3
)
=

6.
¤r~mJz{FF~yd_m#~Q{°k×~k5§m
kF|mJ{m#¼_{}ikF_F~F§
Π0jk
yk5§m
y_y®Dmdy_m&k_k}m
±_m#
(M jjk)

Π0jk = W
a
0(W
a
0)
t + W b0(W
b
0)
t =
(
njkn
t
jk

3
3 njkn
t
jk
)
=
(
N2jk +

3

3
3 N
2
jk +

3
)
.
¤r~)~k{}m
Π+jk
m#{
Π−jk
§mJyrk}|mJ{mJk}yrF{iFF_~k«yk°§¨mdyryFy® mJyF#mJyb_kmdyb}mJymd·{} º y
±_m# (
(M jjk − cj

6)
) m{b±_m# (
(M jjk + cj

6)
) Á V~2}FyF~zm5§z_F~F§¨y}¹k§¨¨{°zm
M jjk
ÇF~2 
{ 
6 = Π
0
jk + Π
+
jk + Π
−
jk
M jjk = λ0Π
0
jk + λ+Π
+
jk + λ−Π
−
jk
⇔
{ 
6 = Π
0
jk + Π
+
jk + Π
−
jk
M jjk = cjΠ
+
jk − cjΠ−jk
m


Π+jk =
1
2
(

6 − Π0jk + c−1j M jjk)
Π−jk =
1
2
(

6 − Π0jk − c−1j M jjk).
¤r~©ym°ym#{l
~_{}m#~F~Q{km5§0l
M{}m5c¥ ¨lSJkF~m
Zj
yÆ¹km#~2Qkm5§K¥ F~2 
c−1j θ
−1
j =
(
(cjεj)
−1 
3

3
3 (cjµj)
−1 
3
)
= Z−1j ,
m#{pzm5m º FÉ{ 
õ»íöÆõ÷ã
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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Π+jk =
1
2
(

6 − Π0jk + c−1j Mjkθ−1j )
=
1
2
[( 
3

3
3

3
)
−
(
N2jk +

3

3
3 N
2
jk +

3
)
+ MjkZ
−1
j
]
=
1
2
[(−N2jk

3
3 −N2jk
)
+
( 
3 Njk
−Njk

3
)(
zj

3

3
3 z
−1
j

3
)]
=
1
2
( −N2jk z−1j Njk
−zjNjk −N2jk
)
,
m#{ 
Π−jk =
1
2
(

6 − Π0jk − c−1j Mjkθ−1j )
=
1
2
[( 
3

3
3

3
)
−
(
N2jk +

3

3
3 N
2
jk +

3
)
− MjkZ−1j
]
=
1
2
[(−N2jk

3
3 −N2jk
)
+
( 
3 −Njk
Njk

3
)(
zj

3

3
3 z
−1
j

3
)]
=
1
2
(−N2jk −z−1j Njk
zjNjk −N2jk
)
,
m#{byk¨{m 
Π+jk =
1
2
( −N2jk z−1j Njk
−zjNjk −N2jk
) m{
Π−jk =
1
2
(−N2jk −z−1j Njk
zjNjk −N2jk
) Á
qªF¨~Q{}m#~F~_{dÇ#_~5z{§¨yme§D¥ m#«xmdyy¨_~5zm­#mJyÆF|mJ·{}m#kycSFk'm#~-kJzk}mV§¨mdyÆl
M{}mdy
(M jjk)
±
@Ã_mJFÇJF[z×~É{}¨_~
M jjk = (M
j
jk)
++(M jjk)
− m#{ÃxQkm M jjk = cjΠ+jk−cjΠ−jk
ÇMF§¨_}y
(M jjk)
+ =
cjΠ
+
jk
m{
(M jjk)
− = −cjΠ−jk
Á²rF~ 
(M jjk)
+ =
cj
2
( −N2jk z−1j Njk
−zjNjk −N2jk
) m{
(M jjk)
− =
cj
2
(
N2jk z
−1
j Njk
−zjNjk N2jk
)
.
¤r~2~kF{m#&bF¨§§¨mJkyQkm
(M jjk)
± = M±jkθ
−1
j
@Ã_mJ 
M+jk =
1
2
(−z−1j N2jk Njk
−Njk −zjN2jk
) m{
M−jk =
1
2
(
z−1j N
2
jk Njk
−Njk zjN2jk
)
.
m#{
Mjk = M
+
jk + M
−
jk
Á
  	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0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 ; "!	++,
 O&0 ' % '  &0*  %R%* #'  &0 *  0 j ∈ Vaj 
ö'ö ç0Z[\]$^
SQ  P 0 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* 0	
 &0*  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* 
(i) njk × E|Σjk + zjnjk × (njk × H |Σjk ) = ξ[njk × E  + zjnjk × (njk × H  )],
(ii) (M jjk)
−θj
(
W j + W k
2
)
= ξ(M jjk)
−θ0W  .
 	
θ0 =
(
ε0 0
0 µ0
)
&    ε0  µ0  %  $& &   ' (')#%  ( 1 &*/%')#	  ')	+ 
 x    ¶§rmJy{.¨lSF{}F~_{.rzm©{@ÃM§¨§m#mJ~ Ã@F¹§¨mdy0#F~ym#}ÃMM{}¨Ã_mJyJÁ­¤r~½~Q{}zzk¨{ÂzF~
QE,jk ≡ QE,|Σjk = εjE|Σjk
m#{
QH,jk ≡ QH,|Σjk = µjHjk
Ánb{}F~y
Qkm©§D¥ F~ÏÈykQy
εk = εj
m{
µk = µj
ÁÆ¤r~_l0lmJ~m&{_z{°Æ¥ F¹_}g¼#®Dd}¨}m
(i)
¦Â{¼zmmdy¼Ã@F¹§¨mdy#Á
¤r~F¹k{m#~Q{ 
njk × QE,jk + z−1j njk × (njk × QH,jk) = ξ[njk × Q E + z−1j njk × (njk × Q H )] ³|¿_¿JQµ
¤r~F~yzj#}m-zmJz«ªJQ{F~y I§ÂkmJl¨jJm&mJy{°z_~k~kJm-F
njk×
³¿F¿dµbm#{¼§ÂymJ#F~zm&
zj .(
¿F¿d
)
ÁI¤r~_¹z{m#~Q{



njk×[njk×QE,jk+z−1j njk×(njk×QH,jk)] = ξnjk×[njk×Q E +z−1j njk×(njk×Q H )]
zj(njk × QE,jk) + njk × (njk × QH,jk) = ξ[zj(njk × Q E ) + njk × (njk × Q H )]
⇔



njk × (njk × QE,jk) − z−1j njk × QH,jk = ξ[njk × (njk × Q E ) − z−1j njk × Q H ]
zj(njk × QE,jk) + njk × (njk × QH,jk) = ξ[zj(njk × Q E ) + njk × (njk × Q H )].
V~©k{§¨yF~Q{#m{{m º Fy® #c§¨mdy~k{M{F~yl{}#¨mJ§¨§mJyJÇkm5ywzy|{}j#lm5zF~k~m 



N2jk
(
QE,j + QE,k
2
)
+ z−1j Njk
(
QH,j + QH,k
2
)
= ξ(N2jkQ E + z−1j NjkQ H )
−zjNjk
(
QE,j + QE,k
2
)
+ N2jk
(
QH,j + QH,k
2
)
= ξ(−zjNjkQ E + N2jkQ H )
⇔
(
N2jk z
−1
j Njk
−zjNjk N2jk
)


QE,j + QE,k
2
QH,j + QH,k
2

 = ξ
(
N2jk z
−1
j Njk
−zjNjk N2jk
)(
Q E
Q H
)
.
¶§%ym¼{}FkÃ_m5_m°#m{{m5#Q§É{}5F}}mJy_~Â¦ 
(M jjk)
−θj
(
W j + W k
2
)
= ξ(M jjk)
−θ0W  .
õ»íöÆõ÷ã
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  
  	++,
 O&0 ' % * #'  &0 *  0 k ∈ Vmj 
(i) njk × (E|Σjk ) = (ξ − 1)njk × (E  )
(ii) Υjk
W j + W k
2
= (ξ − 1)ΥjkW  ,
 	
Υjk =
(
−Njk  3
 3  3
) 
 x    ¤r~g{p{_M|F}y¼zm
(i)
m#~M|_z{}F~_{rk~km0#_F§¨¨{&~xk§¨§myk¼§m&iFl0
H|Σjk
ÇS#m0Qk
kF~k~km°§D¥ J_F§¨¨{°l
M{}m#§§¨m5ykÃ@F~Q{ 
(
−Njk

3
3

3
)(
E|Σjk
H |Σjk
)
= (ξ − 1)
(
−Njk

3
3

3
)(
E 
H 
)
.
¤r~5ymeymJ{cl
~Q{mJ~~Q{%zmV§lMwFmJ~k~km[zmJy%ilycSFÆm«zk}¨lmJÆmJy%zm#}~km#yÆyÆ§K¥ ~_{}m# º F#m
Σjk

(
−Njk

3
3

3
)


Ej + Ek
2
Hj + Hk
2

 = (ξ − 1)
(
−Njk

3
3

3
)(
E 
H 
)
,
m#{p¹SFz{}¨b¦
(ii)

Υjk
(
W j + W k
2
)
= (ξ − 1)ΥjkW  .
    
#"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­m&_}Fkikm5.SFk¼¹kz{°zm º _k}~k¨¼Qkm#§QkmJyrk}Fk}¨#{dybzmJyrl
M{}mdyp~Q{}ywxl0#{}Qkmdy#Ç
m#{pzmz_~k~km#bFy}y%#m#{}F¨~y#¨{jJmdymJlm#{{}F~Q{pzm5k}FkÃ_m#§K¥ ~Q{}ywxl0#{}¨m5zm5l
{}#mJyb@wQ~Q{
~kmy|{}·{m°F¹§¨z#yb¹k¨mJ~dym_Á
 MÑ @eÑS
:¾Ó
:¾Ñ 9 
P0'
(A, B) ∈ (Mm×n(R))2

 !0$
(∀ (X, Y ) ∈ R2(m×n)  XtAY = XtBY ) ⇔ A = B 
 MÑ @eÑS
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/'
R ∈ Mm×n(R)

R
 &0*' 01 ')#% ⇔ (∀ X ∈ Rm×n  XtRX = 0) 
 x    ⇒ µuzkkS_yF~y R mdy|{pF~_{}ywxlm{}_m¼m#{by_É{ X ∈ Rm×n ÁS¤r~20Qkm 
XtRX = (RtX)tX = Xt(RtX) = −XtRX,
#m5_Æk}FkÃ_mr§m5dy§É{M{JÁ
ö'ö ç0Z[\]$^
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$&* 0	
 &0*  '.&0*/	
 ' * 
⇐ µuxkkS_yF~y_m ∀ X ∈ Rm×n XtRX = 0 Á¤r~2  (∀ (X, Y ) ∈ R2(m×n) 
(X + Y )
t
R(X + Y ) = 0 ⇒ Xt(R + Rt)Y + XtRX + Y tRY = 0 ⇒ Xt(R + Rt)Y = 0.
²&¥ Fk}jJy§Àk_Qy¨{F~ÏkÇ_~Ïm#~´zJzÉ{©Qkm
Rt = −R Çm{#F~yJQkmJ~Q{Qkm R mJy{F~Q{ywxlm{}QkmFÁ
 MÑ @eÑS
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/'
M ∈ Mm×n(R)
 %  #% ∀ (j, k) ∈ {1, ..., n}, j 6= k  (Mjj , Mjk)')%*    '  1 * &*' $012(')# % 01 (')#  $  % Mkj = −Mjk    $ M &*' 01 (')# 
 x    ¶§~FyVyzÍ{­zmpl0_~Q{}m#Vc¥ k}jJyV§¨m§m#llm¿J5Qkm ∀ X ∈ Rm×n F~
¨{ XtMX = 0 ÁuzÆF~Qym5F§¨_}y
N = M t

XtMX =
1
2
Xt(M + N)X
=
1
2
n∑
j=1
n∑
k=1
Xtj(Mjk + Njk)Xj
=
1
2
n∑
j=1
[Xtj(Mjj + Njj)Xj +
n∑
k=1
k 6=j
Xtk(Mjk + Njk)Xk].
¤rdÇ
N = M t ⇒ Njj = M tjj
m#{
Njk = M
t
kj
Áqªy
Mjj ∈ Am(R) ⇒ M tjj = −Mjj
m{
Mjk ∈ Sm(R) ⇒ M tkj = Mkj
Á²rF~ 
XtMX =
1
2
n∑
j=1
[Xtj(Mjj − Mjj)Xj +
n∑
k=1
k 6=j
Xtk(Mjk + Mkj)Xk]
=
1
2
n∑
j=1
n∑
k=1
k 6=j
Xtj(Mjk + Mkj)Xk.
V~k×~ÆÇ
Mkj = −Mjk ⇒ XtMX = 0
Á
 MÑ @eÑS
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'
A∗ = −A  & 0$ ∀ X ∈ Cn , X∗AX ∈ iR 
 x    ¤r~kJzk¨{ º _§¨mJl0mJ~Q{Qkm 
õ»íöÆõ÷ã
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2<(X∗AX) = X∗AX + X∗AX
= X∗AX + XtAtX
= X∗AX + X∗A∗X
= X∗(A + A∗)X = 0.
[b#F~yJQkmJ~Q{JÇ
X∗AX ∈ iR Á
    "   * -%1% #"  :
 *  '#*+    
 MÑ @eÑS
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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1 &('  ') 0* . %   $ ') % '  &* 
  :
P ajk =
(−z−1j N2jk  3
 3 −zjN2jk
)
%01 ')#% % 0'('   
  :):
Mjk =
(
 3 Njk
−Njk  3
)
%$.01 (')# 
  :):(:
P mjk =
(
 3 Njk
Njk  3
)
% &*' 01 (')# 
 x   
³¾µ 'ÃFmd¼§ywQl#{}¨m5zm
N2jk)
³»Ã_F§0k}FS_yÉ{}¨_~QµF~2 
(P ajk)
t =
(−z−1j (N2jk)t

3
3 −zj(N2jk)t
)
=
(−z−1j N2jk

3
3 −zjN2jk
)
= P ajk .
²rm2k§¨y#Ç ∀ X ∈ C3×2 : X∗P ajkX = −z−1j X∗1N2jkX1 − zjX∗2N2jkX2
m#{
N2jk
mdy|{
}#m#§§m
ywxlm{}_m³¾Fm#~#F}mFÇzikmJl¨{m#~k~mdµ~kJ_M{}¨Ã_m¼kF~ 
X∗kN
2
jkXk ≤ 0
_k
k ∈ {1; 2} ⇒ X∗P ajkX ≥ 0 (
J
zj > 0).
³¾¨÷µÌ%0l
M{}m
Njk
mdy|{pF~Q{ywxl{}Qkm0³¾ÃF_¨§0k_Qy¨{F~_µm#{pzF~ 
M tjk =
( 
3 −N tjk
N tjk

3
)
=
( 
3 Njk
−Njk

3
)
= Mjk .
³¾¨÷µ²pm5lÄ#lm_Çk~kFy@ÃFF~yFy}ycmJ~y_~Â§D¥ F~Q{ywxl{}m5zm
Njk

(P mjk )
t =
( 
3 N
t
jk
N tjk

3
)
=
( 
3 −Njk
−Njk

3
)
= −P mjk .
ö'ö ç0Z[\]$^
S_  P 0 $&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-%1% #"  :
 *  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(n, m, p, q) ∈ N4 
	   (A, B, W ) ∈ Mn,m(C)×Mp,q(C)×Mq,m(C)  
W = (W1, W2, . . . , Wm)

(Wi)1≤i≤m ⊂ Cq 
ℵ(W) =


W1
W2

Wm

 ∈ C
qm  A ⊗ B =


a11B a12B . . . a1mB
a21B a22B . . . a2mB



an1B an2B . . . anmB

 ∈ Mnp,mq(C)
  	 ℵ(BWAt) = (A ⊗ B)ℵ(W)
 x   
(A ⊗ B)ℵ(W) =


a11B a12B . . . a1mB
a21B a22B . . . a2mBÁÁÁ ÁÁÁ ÁÁÁ
an1B an2B . . . anmB




W1
W2ÁÁÁ
Wm


=


m∑
j=1
a1jBWj
m∑
j=1
a2jBWj
ÁÁÁ
m∑
j=1
anjBWj


= ℵ(
m∑
j=1
a1jBWj ,
m∑
j=1
a2jBWj , . . . ,
m∑
j=1
anjBWj)
²rmªk§yJÇV{~Q{.zF~k~ª_m
BWj ∈ Cp
Ç­§Fy&SF
i ∈ J1, pK Ç (BWj)i =
q∑
k=1
bikwkj =
(BW )ij
Á
qªF¨~Q{}m#~F~_{dÇ%k}m#~F~y
l ∈ J1, nK Ç'SF&i__m.#§#lm#~Q{&y}#F§F¨}m
~k_y-@Ã_F~y5§D¥ #_F§¨¨{yk¨®ÃMF~_{}m 
(BWAt)il =
m∑
j=1
(BW )ijalj =
m∑
j=1
(BWj)i alj
õ»íöÆõ÷ã
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²rm¼#m º FÉ{dÇQy_~ÂzdyF~kmr
(BWAt)l
§
l
j#lmp_§¨_~k~km¼zmp§l
M{}m
BWAt
F¸
l ∈ J1, nK Ç§D¥ #_F§¨¨{5yJ§m¼k}Jdzm#~Q{}m¼~FySm#}lm{pc¥ F¹z{}m#~k§D¥ J_§¨{°ÃFmd·{_m#§§m°ykÃM~Q{m 
∀ l ∈ J1, nK , (BWAt)l =
m∑
j=1
BWj alj
­mQkclk§¨Qkm 
ℵ(
m∑
j=1
a1jBWj ,
m∑
j=1
a2jBWj , . . . ,
m∑
j=1
anjBWj) = ℵ((BWAt)1, (BWAt)2, . . . , (BWAt)n)
m#{bmJlm#{F¨~y%km°#F~#§¨m5Qkm 
ℵ(BWAt) = (A ⊗ B)ℵ(W)
< " < " =  @Ñ @  :KQÓJx ' A@ MÑ   :¾Ó   MÑ 9 xÕ  
• (A ⊗ B)t = At ⊗ Bt
• (A ⊗ B)(A′ ⊗ B′) = (AA′) ⊗ (BB′)
• ux (A, B) ∈ GLn(C) ×GLm(C) ÇF§¨_}y (A ⊗ B) ∈ GLnp(C) m#{bF~2 
(A ⊗ B)−1 = A−1 ⊗ B−1
• (A, B) ∈ Sn(C) × Sm(C)
F
(A, B) ∈ An(C) ×Am(C)
Ç§Fy
(A ⊗ B) ∈ Snm(C)
• (A, B) ∈ Sn(C) ×Am(C)
_
(A, B) ∈ An(C) × Sm(C)
Ç§Fy
(A ⊗ B) ∈ Anm(C)
< " < " I Ð 
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¶§%yJ¥ F¨{bzm°§l
{}#m
P =
3∑
l=1
Φxli ⊗ Gxl
_¸
P =



6 P12 P13 P14
P21

6 P23 P24
P31 P32

6 P34
P41 P42 P43

6


@Ã_mJ 
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P12 =


0 0 0 0 −αz αy
0 0 0 αz 0 −αx
0 0 0 −αy αx 0
0 αz −αy 0 0 0
−αz 0 αx 0 0 0
αy −αx 0 0 0 0


P13 =


0 0 0 0 −βz βy
0 0 0 βz 0 −βx
0 0 0 −βy βx 0
0 βz −βy 0 0 0
−βz 0 βx 0 0 0
βy −βx 0 0 0 0


P14 =


0 0 0 0 −γz γy
0 0 0 γz 0 −γx
0 0 0 −γy γx 0
0 γz −γy 0 0 0
−γz 0 γx 0 0 0
γy −γx 0 0 0 0


P21 = −P12
P23 =


0 0 0 0 −δz δy
0 0 0 δz 0 −δx
0 0 0 −δy δx 0
0 δz −δy 0 0 0
−δz 0 δx 0 0 0
δy −δx 0 0 0 0


P24 =


0 0 0 0 −εz εy
0 0 0 εz 0 −εx
0 0 0 −εy εx 0
0 εz −εy 0 0 0
−εz 0 εx 0 0 0
εy −εx 0 0 0 0


P31 = −P13
P32 = −P23
õ»íöÆõ÷ã
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P34 =


0 0 0 0 −zz zy
0 0 0 zz 0 −zx
0 0 0 −zy zx 0
0 zz −zy 0 0 0
−zz 0 zx 0 0 0
zy −zx 0 0 0 0


P41 = −P14
P42 = −P24
P43 = −P34
m#{ 



αx = n1x − n2x
βx = n1x − n3x
γx = n1x − n4x
δx = n2x − n3x
εx = n2x − n4x
zx = n3x − n4x
αy = n1y − n2y
βy = n1y − n3y
γy = n1y − n4y
δy = n2y − n3y
εy = n2y − n4y
zy = n3y − n4y
αz = n1z − n2z
βz = n1z − n3z
γz = n1z − n4z
δz = n2z − n3z
εz = n2z − n4z
zz = n3z − n4z
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³¾µh'Fk{pc¥ F¹_}ÆÇz¨§cmdy|{bJÃQzmJ~_{bQkm D mJy{bywxl{}Qkm°Jm#§§¨m_Á²rmk§¨y#Ç ∀ j ∈ J1; NK Φj m{ θj {~Q{5ywxl{}QkmJyJÇSF§¨_}y Φj ⊗ θj §D¥ mdy|{5y}y#Flz{m&{mJ~xkmHzÁ HzÁ &m#{b_~yJQkm#~Q{ D mJy{pywxl{}Qkm5zF_~§mp¹k§z#yJÁ³¾¨÷µ V~yk¨{mFÇ
(Φ+1
m#{
Z1)
yF~Q{¼{_z{mdy5zm#z«ywxl{}QkmJy¼S_yÉ{}¨Ã_mJyJÇIy[¹km#~ÈQkm~kFy¼SFkÃ_F~y
mJ~kJzk}m_m Z mdy|{bywxl0#{}Qkm5z_F~F§¨m¼F¹k§¨zJy#Á³¾¨÷µ V~z×~ÆÇ
9 ∀ j ∈ J1; N − 1K (Φ+j,j+1 ⊗ A)t = (Φ+j,j+1)t ⊗ At = Φ+j+1,j ⊗ A
Á
­mQkÆyF~É×mkF~°Qkm°_k
(j, k) ∈ J1; NK2 Ç j 6= k Ç Rjk = −Rkj Á9 ∀ j ∈ J1; NK Φ′j mJy{p~Q{}ywxl0#{}Qkm_Ç A mJy{pywxl{}QkmFÇkc¥ F¸ Φ′j ⊗ A mJy{p~Q{}ywxl0#{}QkmÃx HzÁ HzÁ zÁ
9
Φ+N
mdy|{-ywxl0#{}Qkm_Ç
Q̄
mJy{-~Q{ywQl#{}Qkm_ÇÆc¥ _¸
Φ+N ⊗ Q̄
mJy{-~Q{ywQl#{}Qkm{}FM|_k}y
F F#m¼¦HxÁ HxÁßQÇkm#{_~ydQkm#~Q{
(Φ′N ⊗ A + Φ+N ⊗ Q̄)
mJy{F~Q{ywxl{}Qkmr§¨~kd}É{}FÁ
­mdy{}Fy_¨~Q{}ySm#}lm{{m#~Q{pc¥ k§¨Qkm#§0k_Qy¨{F~¿F¿¼m{pkm°#F~#§¨m°Qkm R mdy|{pF~_{}É®ywxl{}_mFÁ
 MÑ @eÑS
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G = (Gx1 , Gx2 , Gx3)
t * 1 &('  $ 	+" &'  6 × 18  	  j = 1, 2, 3
Gxj
%*/ 12&0'  $ 012%')# 	  &' 
6 × 6  	0*')	+ 0* #%  $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